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Abstract. In this paper, we consider a general iterative process for a generalized equilibrium problem and a strictly pseudo-

contractive mapping. A strong convergence theorem of common elements of the fixed point sets of the strictly pseudocontractive
mapping and of the solution sets of the generalized equilibrium problem is established in the framework of Hilbert spaces.
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1. INTRODUCTION AND PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a nonempty closed convex
subset of H, and A : C — H a nonlinear mapping. Recall that the mapping A is said to be monotone if

(Ax—Ay,x—y) >0, Vx,yeC.
A is said to be inverse-strongly monotone if there exists a constant ¢ > 0 such that
(Ax—Ay,x—y) > afAx—Ay|?, Vx,yeC.

Let S : C — C be a nonlinear mapping. In this paper, we use F(S) to denote the set of fixed points of S.
Recall that the mapping S is said to be nonexpansive if

ITx =Tyl < e =yl, YxyeC.
S is said to be strictly pseudocontractive with the coefficient k € [0, 1) if
ITx =Ty < x>+l (r—Tx)— (=TI, VxyeC,

The class of strictly pseudocontractive mappings was introduced by Browder and Petryshyn [1] in 1967.
Let A : C — H be an inverse-strongly monotone mapping, F a bifunction of C x C into R, where R
denotes the set of real numbers. In this paper, we consider the following generalized equilibrium problem.

Find x € C such that F(x,y) + (Ax,y—x) >0, VyeC. (1.1)
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In this paper, the set of such an x € C is denoted by EP(F,A), i.e.,
EP(F,A)={xe€C:F(x,y)+ (Ax,y—x) >0, VyeC}.

To study the generalized equilibrium problems (1.1), we may assume that F satisfies the following
conditions:
(A1) F(x,x)=0forall x € C;
(A2) F is monotone, i.e., F(x,y) +F(y,x) <0forallx,y € C;
(A3) foreachx,y,z€C,

limsupF (1z+ (1 —1)x,y) < F(x,y);
t10

(A4) foreachx € C, y+— F(x,y) is convex and weakly lower semi-continuous.

Next, we give some special cases of the problem (1.1).
(1) If A =0, then the generalized equilibrium problem (1.1) is reduced to the following equilibrium problem:

Find x € C such that F(x,y) >0, VyeC. (1.2)
In this paper, the set of such an x € C is denoted by EP(F), i.e.,
EP(F)={x€C:F(x,y) >0, VyeC}.
(i) If F =0, then the problem (1.1) is reduced to the following classical variational inequality.
Find x € C such that (Ax,y—x) >0, VyeC. (1.3)

It is known that x € C is a solution to (1.3) if and only if x is a fixed point of the mapping P-(I — pA), where
p > 0is a constant and / is the identity mapping.

Recently, many authors considered iterative methods for the problems (1.1) and (1.2); see, for
example, [2-13]. In 2007, Takahashi and Takahashi [12] considered the equilibrium problem (1.2) and
a nonexpansive mapping by an iterative method. To be more precise, they proved the following Theorem.

Theorem TT1. Let C be a nonempty closed convex subset of H. Let F be a bifunction from C X C to R
satisfying (A1)—(A4) and let S be a nonexpansive mapping of C into H such that F(S) NEP(F) # 0. Let f
be a contraction of H into itself and let {x,} and {u,} be sequences generated by x| € H and

1
F(ymu)‘f‘a(M_)’nayn—xﬁZOa vMG(L (14)

Xn+1 = anf(xn) + (1 - an)Synv n>1,

where {0, } € [0,1] and {r,} C (0,00) satisfy

|an+l _an| < oo,
1

limay =0, ), o =0, )

n=1 n=

liminfr, > 0, and Z [Pl — 1| < oo
n—oo

n=1
Then {x,} and {y,} converge strongly to z € F(S) NEP(F ), where z = Pp(s)nep(r)f(2)-

Recently, Takahashi and Takahashi [13] further considered the generalized equilibrium problem (1.1).
They obtained the following result in a real Hilbert space.
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Theorem TT2. Let C be a closed convex subset of a real Hilbert space H and let F : C x C — R be a
bi-function satisfying (A1), (A2), (A3), and (A4). Let A be an a-inverse-strongly monotone mapping of C
into H and let S be a nonexpansive mapping of C into itself such that F(S)NEP(F,A) # 0. Let u € C and
x1 € Cand let {z,} C C and {x,} C C be sequences generated by

1
F(Zna)’)+<Axnay_zn>+*<y_zn7zn_xn> >0, VyeC,
T (1.5)

Xn+1 :ﬁnxn+(1 _ﬁn)S[anu"‘(l—an)Zn], Vn>1,
where {a, } C [0,1], {B.} C [0,1], and {r,} C [0,2¢], satisfy

0<c<B,<d<l1, 0<a<A,<b<2a,

lim |, — A1 =0, lim &, =0, and Y 0, = oo
n—oo n—oo

n=1
Then, {x,} converges strongly to z = Pg(s)ngp(r.a)U-
Very recently, Qin, Kang, and Cho [11] considered the generalized equilibrium problem (1.1) and a

strictly pseudocontractive mapping based on an iterative method. To be more precise, they proved the
following results.

Theorem QKC. Let C be a nonempty, closed convex subset of a Hilbert space H. Let F| and F, be two
bi-functions from C x C to R satisfying (A1)—(A4). Let A:C — H be an Q-inverse-strongly monotone
mapping and B : C — H a B-inverse-strongly monotone mapping. Let T : C — C be a k-strict pseudo-
contraction with a fixed point. Define a mapping S : C — C by Sx = kx+ (1 —k)Tx, Vx € C. Assume that
F =EP(F1,A)NEP(F,,B)NF(T) #0. Letu € C, x; € C and {x,} be a sequence generated by

1
Fi (tp, u) + (Axp,u — up) + — (0 — up,up —x,) >0, YueC,
r

1
Fz(vn,v)+<an,v—vn>—|—g<v—vn,vn—xn>20, Vv € C, (1.6)
Vn = Yally + (1 - ’}/n)vna
Xp1 = Buxn + (1 _Bn)S[an”"i'(l - an))’n]y Vn>1,

where {a,}, {Bn}, and {1} are sequences in (0,1), r € (0,2a), and s € (0,2f3). If the above control
sequences satisfy the following restrictions

(@) lim,_ 00, =0and Y, | Oy = oo,

(b) 0 <liminf, . B, <limsup, .. B, <1,

(©) lim, ¥ =7 € (0,1),

then the sequence {x,} defined by the iterative algorithm (1.6) converges strongly to z € F, where 7 = Pru.

In this paper, we consider a general iterative process for the generalized equilibrium problem (1.1) and
a strictly pseudocontractive mapping. A strong convergence of common elements of the fixed point sets of
the strictly pseudocontractive mapping and of the solution sets of the generalized equilibrium problem is
established in the framework of Hilbert spaces. The results presented in this paper improve and extend the
corresponding results announced by Qin, Kang, and Cho [11], Takahashi and Takahashi [12], and Takahashi
and Takahashi [13].

In order to prove our main results, we also need the following lemmas.

Lemma 1.1 ([14]). Let C be a nonempty closed convex subset of a Hilbert space H and T : C — C a strictly
pseudocontractive mapping. Then I — T is demi-closed, that is, if {x,} is a sequence in C with x, — x and
Xn—Tx, — 0, thenx € F(T).
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The following lemma can be found in [2], [3], and [13].

Lemma 1.2. Let C be a nonempty closed convex subset of H and let F : C x C — R be a bifunction satisfying
(A1)—(A4). Then, for any r > 0 and x € H, there exists z € C such that

1
(y—z,z—x) >0, VyeC.

F _
(z,)+ .

Further, define
1
Lx={zeC:F(zy)+ (y—zz-x) 20, WeCl}
forallr >0 and x € H. Then, the following hold:

(a) T, is single-valued,
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

| Tox — Toy||* < (Tx— Ty, x —y);

(©) F(T;) = EP(F);

(@) || Tox — Tox[| < 57| Tox — x5

(e) EP(F) is closed and convex.

Lemma 1.3 ([15]). Let {x,} and {y,} be bounded sequences in a Banach space E and let {B,} be a

sequence in [0, 1] with

0 < liminf B, <limsupf3, < 1.
n—oo

n—oo

Suppose that x,+1 = (1 — By)yn + Buxy for each n > 0 and

limsup(|[yn+1 = Yall = [|xas1 —xa]]) < 0.

n—
Then limy—co [[yn — Xu|| = 0.
Lemma 1.4 ([16]). Let C be a nonempty closed convex subset of a real Hilbert space H and S : C — C a

k-strict pseudo-contraction with a fixed point. Define S : C — C by S,x = ax+ (1 —a)Sx for each x € C. If
a € [k, 1), then S, is nonexpansive with F(S,) = F(S).

Lemma 1.5 ([17]). Assume that {a,} is a sequence of nonnegative real numbers such that
an—H S (1 - yn)an + 5n7

where {V,} is a sequence in (0,1) and {5,} is a sequence such that

(a) Z;ozl Y = 9,
(b) limsup, .., 0,/ <0o0r Y, ;|8 < co. Then lim,_.. &, = 0.

2. MAIN RESULTS

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F| and F, be two
bifunctions from C x C to R which satisfy (A1)—(A4). Let A : C — H be an o-inverse-strongly monotone
mapping, B : C — H a B-inverse-strongly monotone mapping, and S : C — C a strictly pseudocontractive
mapping with the coefficient k € [0,1). Assume that .7 := EP(F\,A) NEP(F»,B) NF(S) is not empty. Let
{xn} be a sequence generated in the following manner: x; € C and

( 1
Fy (up,u) + (Axp,u— uy) + —(u—up,uy —x,) >0, YuecC,
I'n
1
Fz(v,,,v)—l—<an,v—vn>+s—<v—vn,vn—xn>20, YveC, (2.1)

Y = 0px + (1 — ) (Apttn + (1 — Ay)vy),
Xn1 = BaXn + (1= Ba) (Yuyn + (1 = %)Syn), Vn>1,
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where x € C is a fixed element, {0}, {Bn}, {W}, {An} are sequences in (0,1) and {r,}, {s,} are positive
number sequences. Assume that the above control sequences satisfy the following conditions

(C1) iy Oy = 0 and ¥, 0ty = oo;

(C2) 0<a<B,<b<l;

(C3) limy oo (Y1 — M) =0and 0 <k <7y, <c < 1;

(C4) limysoo(Aps1 — M) =0and 0 <d < Ay < e < 1;

(C5) limy—eo(rpt1 — rn) = limyeo(Sy1 — $2) = 0;

(C6) 0< fF<m<g<aand0< f <s,<g <2B.

Then the sequence {x,} generated in (2.1) converges strongly to some point X, where X = Pou.

Proof. Note that u, can be rewritten as
up =T, (Xn —rnAx,), Yn>1

and v, can be rewritten as
vy =T, (xp — $,Bx,), VYn>1.

Fix p € Z#. It follows that
p=Sp=T,(p—rAp) =T, (p—s.Bp), Vn>1.

Note that / — r,A is nonexpansive for each n > 1. Indeed, for any x,y € C, we see from the condition (C6)
that
(1 = raA)x = (I = raA)Y | = [ (x =) = ra(Ax = AY)|1?
= [x = yII> = 2ra(x — y, Ax — Ay) + 1, | Ax — Ay||?
< [le=ylI* = ra(2a = ra) [ Ax = Ay|[?
< Jx—y|*. (2.2)

This shows that I — r,A is nonexpansive for each n > 1. In a similar way, we can obtain that / — s,B is
nonexpansive for each n > 1. It follows that

[lin = pll < lben = pl and [[v, = pl| < b = p- (2.3)

Putting w;, = A,u, + (1 — A,)v, for each n > 1, we see that

wn =PIl < Anlltn = pll + (1= ) [va = Pl < [0 = plI-

Put S, = 1%l + (1 — 1,)S for each n > 1. It follows from Lemma 1.4 that S, is nonexpansive with
F(S,) = F(S) for each n > 1. Note that

[1Xn1 = Pl < Ballxn = pll + (1= Bu)[[Saya — P
< Bullxn = pll + (1 = Bu)llyn = pll
< Bullxa = pll+ (1= Ba) (Gllx = pll + (1 = o) [lwa — plI)
< Ballxn = pll + 06 (1 = Ba) x = pll + (1 = o) (1 = Bo) [l — |
= (1= (1= B) lxn = pll + 0 (1 = Ba) [ x = p]-

By mathematical inductions, we can easily see that the sequence {x,} is bounded, and so are {y,}, {u,},
and {v, }. In view of Lemma 1.2, we obtain that
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(I = rpA)x,|| + HTrn+1 (I —rpA)x, — T, (I —rpA)x,||

< = rag1A)xn 1 — (I — rpA)xq || + ||Trn+1 (I = rpA)x, — T, (I = rpA)xy||

HunH - ”nH < HTrn+| (I =1y 1A)X g1 — L,

I —rpA)x, — (I —rpA)x,||

n+1(

7, —r,
< bt =all + s = ral [Aw| === T

n+
< g1 — Xl +2M1 [Pt — 1, (2.4)
where M is an appropriate constant such that

T, (I—rA)x,—(I—r,A
{0 SRR supan) .
'n+1 n>1

Va1 = vall < b1 —2l[ +2Masn 1 — sal, (2.5)

M| = max {sup
n>1

In a similar way, we can obtain that

where M, is an appropriate constant such that

T, (I —s,B)x, — (I —s,B)x,
Mzzmax{sup{“ 5ot (I — 5yB)xy — (I — 5,B)x !7sup{”an||}}}'
n>1

n>1 Sn+1

Note that
Wit =wall < Angr|tnir = ] + (1= A1) [vasr = val £ ([Vall + ltal D A1 = 2n]. (2.6)
Substituting (2.4) and (2.5) into (2.6), we arrive at
Wit = wall < 01 = xall + Ma([rnir = ral + [Sns1 = sl + A1 — An]), (2.7)
where M3 is an appropriate constant such that

M3 = max{2M;,2M,,sup{||v,|| + ||ua] } }-
n>1

It follows from (2.7) that

[yt =yall < (Il + 1wl Q41 = | + (1= Gr) [[Wa 1t — wall
<1 = Xall +Ma([rns1 — 1l + 1801 = Sal +Ansr1 — Au| + [ @1 — O]), (2.8)
where My is an appropriate constant such that My = max{sup,~ {|[x[| 4 [[wa||},M3}.
On the other hand, we have
[Sn-c1Yn01 = Spyull < ISn+13n+1 = Sn1¥nll + [[Sut1n — Snynll
< [yt =Yall #1190 4+ (U= Y1) SYn = Yayn = (1= 1) Sy
< Y1 = yall + Ms| Va1 = 1l (2.9)

where Ms is an appropriate constant such that Ms = sup, > {||yx|| + [|Sy.||}. Combining (2.8) with (2.9), we
arrive at

1St 1Yn1=SnYnll = Xn1 — Xnl|
< |ynst = Yl +Ms| Vo1 = Y| = [[Xng1 — 2|
< M6(|rn+1 _”n’ + |Sn+1 _Sn| + Mn-‘rl _/ln’ + |05n+1 - an| + Wn-i—l - 'Yn|)a

where Mg is an appropriate constant such that Mg = max{My, Mg }. In view of (C1), (C3), (C4), and (C5),
we see that

limsup ([|Sur1Yn1 — Saynll = a1 —xal|) < 0.

n—oo
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It follows from Lemma 1.3, that we obtain lim,, . ||Syy, — x,|| = 0.
1im [y 1 — x| = Tim (1= f,)[[Syn — %[ = 0. (2.10)
On the other hand, we have

l[un — pII* < ||(xn — p) — ra(Ax, — Ap)||?
= ||, — p||* = 27u (X — p,Ax, — Ap) + r2||Ax, — Ap)|?
< |lxp = plI* = ra(2at — 1) | Ax, — Apl%. 2.11)

In a similar way, we can obtain that
1V = P11 < llxn = pII* = 50(2B = 5) | Bxn — Bp|>. (2.12)
In view of (2.11) and (2.12), we see that

W — pII> < Anllttn — p||* + (1= ) [va — pII?
< — I = rn (20 — 1) A | A% — Ap||® — 52(2B — 50) (1 — 1) || Bxn — Bp]|*. (2.13)

It follows that
a1 = pI* < Ballxa = p 11>+ (1= Ba)lISuyn — pII?
< Bullxn = plI* + (1 =B Iy — pII?
< Balln = I+ (1= Bo) ([l (x = p) + (1 = &) (wn = p)[I)
< Ballxa = pIP + 0l = plI* + (1 = Bo)llwa — p|>
< Jlxw = P11+ el — pl|* = ra (20t = 1) A (1 = By )| Axs — Ap]|?
= 52(2B = su)(1 = An) (1 = By) || Bxn — Bpl|*. (2.14)

It implies from (C2), (C4), and (C6) that

f(2a—g)d(1—b)||Ax, —Apl* < |lxa — pI* = [xas1 — pII* + el lx — p®
< (I = pll = %51 = pID %0 = X1l + Gl — p>.

In view of (2.10), we see that
lim ||Ax, —Ap|| = 0. (2.15)
n—oo

It also follows from (2.15) that
5n(2B = 5n) (1 = 2) (1 = Bu) [ Bxn = Bpl|* < [Pu — pII* — [Pns1 — pl|> + 0t} — p|*.
From (C2), (C4), and (C6) we see that
F'(2B —&)(1—e)(1=b)||Bx, —Bpl|* < (|0 — pl| — %41 = Pl Pon = Xas1 | + 0talx = plI*.

From (2.10), we can obtain that
lim ||Bx, — Bp|| = 0. (2.16)
n—oo
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On the other hand, we have

et — pl* =
<

<

This implies that

| Ty, (I = rpA)x, — T, (I — r,A) p||?
<(I_rnA)xn - (I_ rnA)p,un _p>

2 (10 =)= (= rA)pIP + = I~ 10 =~ )~ (1= ) — (s~ ) )

(11w =PI+l = I = 1 = = 7 (A = Ap)|?)

= N =

(1bew =PIl =PI = (%0 = 0] = 21 — 00, A% = Ap) + 72142, — 4P| ).

(|4 _PH2 < [|xn _P||2 — [ _”n“2+2rn|’xn — || [|Ax, — Apl]. (2.17)

In a similar way, we can also obtain that

Note that

[[va _PH2 < | _pH2 — [J2n — Vn||2 +28n%2 — va ||| Bxn — Bp|- (2.18)

Iwn = pPII* < Anllttn — p|I* + (1= A) v — pl|>
< | _PH2 — |0 — “nH2 + 20 A || X0 — ||| Ax, — Ap|
— (1 =) ||xn — vnH2 +2s,(1 — Ay)||xn — va||||Bxn — Bp||, (2.19)

from which it follows that

[P =PI < Balln = pII* + (1= Ba) 1 Swyn — I

< Bullx — pI> + (1= By — p I
< Bl — pI2+ (1= Ba) (o — p) + (1 = a) (wa — p)12)
< Bl — pI2+ ullx— plI2+ (1= Bo) i — 2
< It = PIP + Gl = pIP = 2 (1 = Bl — 0]
20 (1 = Ba) 60 — 10| Ay — Apl| — (1= A) (1 = Bo) [0 — v
+25,(1 = 2) (1= B) % — vall B, — Bp]. (2.20)

It implies from (C2) and (C4) that

d(1=b)|1xy — un||* < ([|xa = pll = [%n 1 = PIDIxas 1 —xall + allx — plI>
+ 27, (1 = Bu) An X0 — un|[|Ax, — Ap||
+25,(1 = ) (1 = B)[[% — val|[[ Bxn — Bp|.

In view of (2.10), (2.15), and (2.16), we arrive at

lim [[x, — 1, | = 0. (2.21)

From (2.20), we also have

(1= 2) (1= Bo) lbn = vl > < lw = P11 = xnc1 = pII* + 0wl lx —
+2ra(1 = Ba) A0 — un [ [ A% — Ap||
+ 280 (1 = ) (1 = Bo) [[xn = vall[|Bxn — Bp]|.
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By virtue of (C2) and (C4), we obtain that

(1= e)(1=b)lxn = vall* < (Ibn = Pll = a1 = P Pos 1 = xal| + 0l = p?

+2ra(1 = Ba) A0 — un | [ A% — Ap |

+ 280 (1 = ) (1 = Bu) [[xn — vall[|Bxn — Bp]|.

It follows from (2.10), (2.15), and (2.16) that
lim ||x, — v,|| = 0.
n—oo

Note that

[y = x|l < Ol —xal[ + (1 = 06) An[tn — 2| + (1 — @) (1 = A) [V — x|

From (2.10), (2.21), and (2.22), we see that
Tim [y, x| = 0.

Note that
YoV — %) + (1 = %) (Syn — %) = Spyn — X0 — 0
as n — oo. On the other hand, we have

1y = Syall < [Iyn = xall + ll26n — Syull-

From (C3) and (2.23), we obtain that
lim [y, — Sy, | = 0.

Next, we claim that
limsup(x — X,y, — %) <0

n—oo

To show this inequality, take a subsequence {y,, } of {y,} such that

limsup(x — X,y, —X) = lim(x — X, y,, — X).
[—00

n—oo

(2.22)

(2.23)

(2.24)

(2.25)

We may, without loss of generality, assume that y,, — 7. Next, we show that n € .#. First, we show

that n € EP(F;,A). In view of ||y, — uu|| < ||yn — x| + [|%0 — un
limy,—co |[yn — un|| = 0. It follows that u,,, — 1. Note that

1
Fiy (up,u) + (Axp,u— uy) + —(u— tp,uy — x,) >0, YuecC.
I'n

From (A2), we see that
1
(Axp,u—up) + — (U — ty,uy — xn) > Fi(u,u,), YuecC.
I'n

Replacing n by n;, we arrive at

(Axp;, u— up,) + <u—uni, i _xni> > Fi(u,un,), YueC.

I'n;

, we see from (2.21) and (2.23) that

(2.26)

Fort with0O <t <landu € C,letu, =tu+ (1 —1)n. Since u € C and n € C, we have u, € C. It follows

from (2.26) that

Up; — Xn,

i

(e — tng, Attr) > (tty — Uy, Atty) — (A, Uy — Un;) — <uz R > + Fy (ur, ;)
ni

Uy — Xy

= (U — U, Atty — Aty ;) + (U — U, Aty j — Axy,) — <u, i

T,

> FF (). (2.27)
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From (2.21), we have Au,,, — Ax,, — 0 as i — oo. On the other hand, we obtain from the monotonicity of A
that (u; — uy,, Au; — Auy, ;) > 0. It follows from (A4) that

<Mt_777AMt> EFI (utvn)‘ (228)
From (A1), (A4), and (2.28), we obtain that
0=F(u,u) <tFy(u,u)+ (1 —1)F (u;,m)

< tFy(up,u) + (1 —1) (ur — 1, Auy)
= tFi (ur,u) + (1 = 1)t (u—n,Aur),

which yields that Fj (u;,u) + (1 —1){u—1n,Au;) > 0. Letting t — 0 in the above inequality, we arrive at

Fi(n,u)+(u—n,An) > 0.

This shows that 1 € EP(F;,A). In a similar way, we can show that 1 € EP(F>,B). On the other hand, we
obtain from Lemma 1.1 that 1 € F(S). This proves that 1 € .%. In view of (2.25), we see that

limsup(x — X,y, — ) <O0. (2.29)

n—oo

Finally, we show that x,, — X as n — oo. Note that

[Pt =% = Baotn — %m0 =)+ (1= Ba) {Sun — %, w1 — 5
< Bullxn = &l 1 = X[ + (1= Bn)HSnyn — X[ llxn1 — x|

ﬁn - Bn
2

S Uben = %17 + P = 217 4+ == (llyn = %I + a1 = 7).

It follows that
X1 — %% < Ballocn — %% + (1= Ba) lyn — %> (2.30)

On the other hand, we have

[y = E||* = 06 (x — %, y5 — 2) + (1 — 04,) (W, — %,y — %)
< 04 (X — %,y — X) + (1 — 04) [[wn — ||y — ]|
< O (x =X, yp — %) + (1 — ) || xn — X[|[| 2 — X|
1—-oq,
S O (X =X,y —T) + % (|10 — ZII* + [lyn — X[I*)
It follows that
Hyn—)?HZS20£n<x—)f,yn—)?)—|—(l—Otn)Hxn—)?HZ. (2.31)

Substituting (2.31) into (2.30), we arrive at

[t =1 < [1 = 06u(1 = Bo)] loen — %* + 206, (1 = B) (x — %,y — %),

In view of (2.29), we see from Lemma 1.5 that x,, — X as n — oo. This completes the proof. O
Remark 2.2. Theorem 2.1 can be viewed as a generalization of Theorem QKC.
If S is a nonexpansive mapping, then Theorem 2.1 is reduced to the following.

Corollary 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F| and F, be two
bifunctions from C x C to R which satisfy (A1)—(A4). Let A : C — H be an a-inverse-strongly monotone
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mapping, B : C — H a B-inverse-strongly monotone mapping, and S : C — C a nonexpansive mapping.
Assume that % = EP(F\,A) NEP(F,,B) N F(S) is not empty. Let {x,} be a sequence generated in the
following manner: x| € C and

1
Fi(up,u) + (Axp,u— uy) + —(u—tp,uy —x,) >0, VYuecC,

I'n

1
Fg(vn,v)+<an,v—vn>+s—<v—vn,vn—xn>20, YveC,
yn:anx+(1_an)(knun+(l_ln)vn)>
Xn+l = ﬁnxrz+(1 _ﬁn)(}/nyn"i‘ (1 _%1)Syn)a Vn>1,

where x € C is a fixed element, {a,}, {Bn}, {1}, {An} are sequences in (0,1) and {r,}, {s,} are positive
number sequences. Assume that the above control sequences satisfy the following restrictions

(C1) limy 0, =0andy, 0 = oo;

(C2) 0<a<PB,<b<l;

(C3) hmnﬂoo(’ywrl - Yn) =0;

(C4) limye(Apr1 —Ay) =0 and 0<d <A, <e<1;

(C3) limy—eo(rpt1 — 1) = limy oo (Sp1 — 54) = 05

(C6) 0<f<r,<g<22o and 0< f' <s,<g <2B.

Then the sequence {x,} converges strongly to some point X, where X = Pou.

Putting F| = F; and r,, = s, for each n > 1, we can obtain the following result immediately.

Corollary 2.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R which satisfies (A1)—(A4). Let A : C — H be an a-inverse-strongly monotone
mapping and S : C — C a strictly pseudocontractive mapping with the coefficient k € [0,1). Assume that
F = EP(F,A)NF(S) is not empty. Let {x,} be a sequence generated in the following manner: x; € C and

1
F (up,u) + (Axp,u — uy) + — (U — tp,uy — x,) >0, VuecC,
rl’l

Yn = OpX+ (1 - (Xn)um
X1 = Buxn + (1= Bu) (Yayn + (1= ¥)Syn), Vn>1,

where x € C is a fixed element, {0, }, {Bn}, and {7y, } are sequences in (0,1), and {r,} is a positive number
sequence. Assume that the above control sequences satisfy the following restrictions

(C1) limy 0, =0andy 0 = oo;

(C2) 0<a<PB,<b<1;

(C3) limy—eo(Ypt1 — V) =0and 0 <k <7y, <c<1;

(C4) limnﬂm(rrwrl - rn) =0;

(C5) O0<f<r<g<la.

Then the sequence {x,} converges strongly to some point X, where X = Pz u.

Remark 2.5. Note that the class of strictly pseudocontractive mappings strictly includes the class of
nonexpansive mappings as a special case. Corollary 2.4 can be viewed as a generalization of Theorem TT2.

Theorem 2.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be an
o-inverse-strongly monotone mapping, B : C — H a B-inverse-strongly monotone mapping, and S :C — C a
strictly pseudocontractive mapping with the coefficient k € [0, 1). Assume that & :=VI(C,A)NVI(C,B)N
F(S) is not empty. Let {x,} be a sequence generated in the following manner: x; € C and

{yn = 04+ (1= 04) (AP (xn — rnAX) + (1 = X)) P (s — $uBx)),
Xn1 = BuXn + (1= Bo) (Yyn + (1 = %)Syn), Vn>1,
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where x € C is a fixed element, {0, }, {Bn}, {W}, {An} are sequences in (0,1), and {r,}, {s,} are positive
number sequences. Assume that the above control sequences satisfy the following restrictions

(Cl) limy—wo, =0andy, | 0 = oo;

(C2) 0<a<PB,<b<l;

(C3) limyeo(Ypt1 — V) =0and 0 <k <7y, <c<1;

(C4) limye(Ayr1 —Ay) =0and0<d <A, <e<1;

(CS) limy—eo(rpt1 — 1rn) = limy oo (Sps1 — 54) = 05

(C6) 0<f<rm<g<loand0< f' <s,<g <2B.

Then the sequence {x,} converges strongly to some point X, where X = Pz u.

Proof. Putting F; = 0, we see that

1
(Axp,u—uy) + — (U —tp,uy —x,) >0,YueC

I'n

is equivalent to
(X — rAxy — tp,uy —uy > 0,Yu € C.

This implies that u, = Pc(x, — r,Ax,). We also have v, = Pc(x, — s,Bx,). We can obtain from Theorem 2.1
the desired results immediately. U

Theorem 2.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F| and F, be two
bifunctions from C x C to R which satisfy (A1)—(A4). Let Ty : C — C be a pgy-strict pseudocontraction,
B : C — C a pg-strict pseudocontraction, and S : C — C a k-strict pseudocontraction. Assume that
F =EP(Fi,1 —Ty)NEP(F,,1 —Tg)NF(S) is not empty. Let {x,} be a sequence generated in the following
manner: x| € C and

( 1
F(up,u) + (I — Tp)xp,u — up) + — (u — ty,up — x,) >0, YueC,
I'n
1
Fz(vn,v)—|—<(I—T3)xn,v—v,,)+s—(v—vn,vn—xn>20, YveC,

n

Yn = OpX + (1 - alz)<}Lnun + (1 - ln)vn)a
Xn+1 = ﬁnxn + (1 - Bn)(ynyn + (1 - %)Syn)v Vn>1,

where x € C is a fixed element, {a,}, {Bn}, {1}, {An} are sequences in (0,1), and {r,}, {sn} are positive
number sequences. Assume that the above control sequences satisfy the following restrictions

(Cl) limy—wo, =0andy, | Oy = oo;

(C2) 0<a<PB,<b<l;

(C3) limyoo(Ypr1 — ) =0and 0 <k <y <c<1l;

(C4) limye(Ayr1 —Ay) =0and0<d <A, <e<1;

(CS) 1limy—eo(rpt1 — 1rn) = limy oo (Spt1 — 54) = 05

(C6) 0<f<rm<g<l—pgand0<f <s5,<g <1—pg.

Then the sequence {x,} converges strongly to some point X, where X = Pz u.

3. CONCLUSION

The iterative process (2.1) which can be employed to approximate a common element in the common
solution set of two equilibrium problems and in the fixed point set of a strict pseudocontraction is general.
The main results presented in this paper include the corresponding results announced by Qin, Kang, and
Cho [11]. It would be of interest to improve the results to certain Banach spaces.
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Tugev koonduvusteoreem iildistatud tasakaalu iilesannete ja rangelt pseudoahendavate

kujutuste kohta

Yan Hao

On uuritud iildist iteratiivset protsessi iildistatud tasakaalu iilesandel ja rangelt pseudoahendavatel kujutustel.
On toestatud tugev koonduvusteoreem rangelt pseudoahendavate kujutuste iihiste piisipunktihulkade ja
tildistatud tasakaalu iilesande lahendihulkade kohta Hilberti ruumides, parandades mitmete eelnevate
autorite tulemusi.



