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Abstract. Integrable variable-coefficient 2D Toda lattice equations are proposed by utilizing a generalized version of the dressing
method. Compatibility conditions are given, which ensures that these equations are integrable. Further, soliton solutions for the
new type of equations are shown in explicit forms.
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1. INTRODUCTION

The dressing method based on the triangular factorization of Volterra integrable operators was first
introduced by Zakharov and Shabat [1,2] for generating integrable nonlinear evolution equations and
constructing their multi-soliton solutions. A number of authors have used this method to study various
integrable equations. Chowdhury and Basak [3] applied it to obtain the soliton solution of the Hirota—
Satsuma coupled system of the KdV equations. Dye and Parker [4] examined regularized long-wave
(RLW) equation and its explicit solutions by using this method. Further, with the aid of this method,
Parker [5] studied the Sawada—Kotera equation and gave a reformulation of the dressing method via
Hirota’s formulation. In [1,2] authors only transformed constant-coefficient operators into dressed constant-
coefficient ones. Dai and Jeffrey [6] and Jeffrey and Dai [7] extended the dressing method to a variable-
coefficient and generalized version and constructed the inverse scattering transformations for certain
types of variable-coefficient KdV equation. The generalization provided a procedure for construction of
integrable variable-coefficient equations and gave their explicit solutions. In the present work we develop
the generalization to the discrete version for generating an integrable variable-coefficient Toda equation.
Also, we shall represent the one-soliton and two-soliton solutions in explicit forms.
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2. A GENERALIZED VERSION OF THE DRESSING METHOD

In this section we extend the generalized version of the dressing method for discrete systems.
First we consider three linear difference operators

F(”vmat,J’)‘Vn = ZF(nam7tay)Wm7

—o0

K+(n,m,t,y)l//n:ZK+(n,m,t,y)l//m, (D

n

K—(nama[7y)wn = ZK—(n7m7tay)wm'

—oo

Similar to the generalized dressing method for continuous systems, we introduce the triangular factorization
about the operator ‘F’

I+F=(I+K,) "I+K.), (2)

where I is the identity operator, K, (n,m,t,y) =0 for m < n and K_(n,m,t,y) = 0 for m > n. It is assumed
that
Supz |Ki(n7m7t7y)‘Wm < 9, Supz |F(”l;m7f7)’)hlfm < o9,
no no
for all ng > —oo. For convenience, we denote F(n,m) = F (n,m,t,y), Ki(n,m) = Ky (n,m,t,y).
The discrete Gel'fand—Levitan-Marchenko equation can be obtained from (2), which reads (cf. [1])
F(n,m) +K+(n,m)+ZK+(n,s)F(s,m) =0. 3)
S=n

We introduce two differential-difference operators M; and M, defined by

My =0y +B10, +aE+a_E7Y, My = apdy + Brds +b_1E7, 4)

where E is the shift operator of the discrete variable n, defined by EXf(n) = f(n+k), k € Z; t and y are
continuous variables, aj,a_1,b_1, 04,0, B1, and B, are functions of ¢ and y.
Suppose that the operator F commutes with My and M3, i.e.,

My, F] =MF —FM; =0, [M;,F]=M,F—-FM, =0. (5)
From (4) and (5) we can obtain two equations for F:
o Fy(n,m)+ BiF(n,m)+a F(n+1,m)+a_1F(n—1,m)—F(n,m—1)a; —F(n,m+1)a_; =0, (6)
o Fy(n,m)+ BoF,(n,m) +b_1F(n—1,m) —F(n,m+1)b_; =0. 7
The dressing operators Ny and N3 are introduced from the relations
Ni(I+ K. (n,m)) — (I+ Ky (n,m))M; =0, @®)
NI+ Ky (n,m)) — (I+ K (n,m))Mz =0. )
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Similar to a theorem in [1] for continuous systems, it can be proved that Ny and N, are differential-difference
operators. For the sake of simplicity, we denote K (n,m) = K, (n,m) and K = K(n,m)|y—n.
We write

Ny =M;+Dy, N2=M;+D:,. (10)

Then, from (8) and (9), after some calculations, we find that

Di=c E'4+¢y, D;=d_E7, (11)

and
(xll?y—i—ﬁll?,—i—a,l(K(n— 1,n) —K(n,n+ 1))+co(1+E)+c,1K(n— 1,n) =0, (12)
c.i(l1+K(n—1,n—1))—a_;(K(n,n)—K(n—1,n—1)) =0, (13)
d_1(1+K(n—1,n—1))—b_1(K(n,n)—K(n—1,n—1)) =0. (14)

The following theorem in [7] is an extension of the original dressing method, which can yield a wide range
of integrable variable-coefficient nonlinear evolution equations.

Theorem. If the operators My and My satisfy
M1, M;] = piM + p2Ma, 15)
where p| and p, are arbitrary functions of t and y, then their corresponding dressing operators satisfy

N1,N2] = piN1 + p2N;. (16)

Actually, variable-coefficient nonlinear evolution equations are obtained from (16).
In fact, from (15) we find that aj,a_1,b_1, 04,02, B1, B2, p1, and p, satisfy

a0y + B10o — oty — Bray; = prog + P20z,

i By + BiBar — 2By — B2 B = p1B1 + p2B2,

A7)
b1y +PBib1y—ma_1,—Pra 1, =pra_1+p2b_1,
—mayy — Pray = praj.
These are the compatibility conditions for (16) to be integrable.
Using (16), we obtain the nonlinear evolution equations
a1Ad—y — 0pcoy — Parcor — p1co =0, (18)

ond_1y+Bid-1;— c_1y—Pac_1,+ (b1 +d_1)(co—E 'co) — pic_1 —pad_1 =0, (19)

where A is a difference operator, which is defined as Ay(n) = y(n+ 1) — y(n) for any function y.
Let

1+K(n,n)
un: s
1+K(n—1,n—1)

€O = Vn. (20)

Utilizing (13), (14), and (20), equations (18) and (19) can be changed to

arb_1Au, — 0QVpy — BZVnJ —p1vn =0, (2D
(OClb_l — (Xza_l)btnyy + (ﬁlb_l — ﬁla—l)”n,t + b_lun(vn — Vn—l) =0. (22)
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We further let

a_ a_
Up = ex,,_lfx,,’ Vp= | 01 — 0527l Xny + Bl - BZil Xn,t - (23)
b,1 b,1

Substitution of (23) into (21) and (22) yields the integrable 2D variable-coefficient Toda lattice equation

a1b_1Ae™ 1T — | ap (Xl—OQa;] + B2 Oll—aza;l +P1 Otl—aza;l Xn,y
i b1/, b_y/, by

e (n —ﬁzZi))}rﬁz (B —mjji)tm (B —/3221)] s

[ a_ a_q a_
— |2 <ﬁ1 - szi> + B2 <0‘1 - 0‘2b1>] Xnty — 02 (051 - Otzbi> Xnyy

—B <ﬁ1 — B2 Zi) Xz = 0. (24)

For the N-soliton solution of the integrable equation (24), we let F be

N
F(n,m) = fi(t,3,m)g;(t,y,m), (25)

J=1

where f;(t,y,n) and g;(t,y,m) are some [ x [ matrices, whose expressions can be obtained from (6) and (7).
Moveover, we suppose that

N
K(n,m) :ij(t,y,n)gj(t,y,m). (26)
j=1
Substituting (25) and (26) into the discrete GLM equation (3) gives
N
_ _ -1 T
K(”?”)_ij(l’y7n)gj(t7y7n>__(f17f27"'7fN)L (g17g27"'7gN) y (27)
j=1
where L is defined by

le:5jl+zgj(t7yvs)fl(tvyas)’ ISJ,ZSN

S=n

The N-soliton solution for (24) can be obtained from (20) and (27).
In the following section we consider some special forms of My and M.

3. AN INTEGRABLE 2D VARIABLE-COEFFICIENT TODA LATTICE EQUATION

Let differential-difference operators be
M; =00y +a;E+a E7Y, My =g +bEL. (28)
From (17) we have

—Brous =piou, aifry=paPa,

(29)
—Boai =prar, oib_i1y—Pra_1; =pra_i+p2b_i.



H. H. Dai and T. Su: The generalized dressing method 97

Then, from (24), after some calculations, we obtain the integrable 2D variable-coefficient Toda lattice
equation

_ _ 1
eI — Iy () ()Xt BT ()2 ()3 (9) Xt + 5 3 (B3 (£))eha (9) 3 (9) s = O, (30)
where h;(t) = bﬁ%l,hz (y) = Z‘—l', and h3(y) = “a—’ll are arbitrary functions. The above equation becomes the
well-known 2D Toda lattice for oy = =a; =a_1=b_1=1,E=y—1.
Case 1. One-soliton solution
We take N = 1 in (25). From (6) and (7) we have the special solution
F(n,m) = eW(Z)HI(yHleﬂ)zn’ 31)
with g(y) = (e771 —e”?) [hy ' (y)dy + (eP' —e™P2) [h3(y)dy, w(t) = (eP' —e P2) [h ' (t)dt
We obtain the one-soliton solution of equation (30)

(1 —eP1tP2 4 (a0 Hpr1+p)(n=1)y (] — eP1P2 W ()+a0)+H(p1+p2) (141))

tn = (1 — ePrtp2 4 w()+q)+(prtp2)n)2 (32)
Case 2. Two-soliton solution
We take N = 2 in (25). From (6) and (7) we have the following special solution:
2
F(nm) =" f;(t,y,n)g;(m,t,y) = "0 01+ ngrt m o wa0) a2 ()05 s m. (33)
j=1

with
m 0 oo _ oo _ . ,
gi= (e i —eli) h2 )dy+ (el —e Pi') [ hs(y)dy, wj=(eli —e Pi) [ hy (t)dt,j=1,2,

> and p®

and p;~ are arbitrary negative constants.
Then, from (27) we have

K(n7n) = _i [eWI(I)JrfII(Y)+,Dl +€W2( )+q2(y)+p(22)n

L]
(ep(zl)+p(22) — epé”ﬂ?gz)) w1 (0)+wa (0)+a1 )+ 0)+ (P +p5 405 )n

(1—ers+r3y (1 — s 47

_l’_

(epﬁl)ﬂ»f) _opp? )) wi () +w2(0)+a1 () +q2(0) + (7 +p{+p5 )n

(1—e1’5)+!’(12 )(l—epgl)ﬂ’gz)) 7

_l’_

(34

with
O+ ++p5 ) ()40 (0)+ <p§”+p&2’>

+
1) 2 (1
et 1— et

IL| =1+
M O w20 +0 )+ 0)+ (P +p P +p8 +p)n

(1 —ep(11)+1’(12))(1 _oP (1) 2

1 (Owa(O+a )+ 0)+ (P o7 +p5 )+ )

M, 2 2

+ —_
) (1= et o) (1 — et 40l

Using (20), we can have the two-soliton solution of equation (30).



98 Proceedings of the Estonian Academy of Sciences, 2010, 59, 2, 93-98

ACKNOWLEDGEMENT

The work described in the paper is supported by a grant from City University of Hong Kong (Project
No. 7002366).

REFERENCES

1. Zakharov, E. and Shabat, A. B. A scheme for integrating the nonlinear equations of mathematical physics by the method of the
inverse scattering problem 1. Funct. Anal. Appl., 1974, 8, 226-238.

2. Zakharov, E. and Shabat, A. B. A scheme for integrating the nonlinear equations of mathematical physics by the method of the
inverse scattering problem II. Funct. Anal. Appl., 1979, 13, 13-22.

3. Chowdhury, R. and Basak, S. On the complete solution of the Hirota—Satsuma system through the dressing operator technique.
J. Phys. A, 1984, 17, L863-L868.

4. Dye, J. M. and Parker, A. An inverse scattering scheme for the regularized long-wave equation. J. Math. Phys., 2000, 41,
2889-2904.

5. Parker, A. A reformulation of the dressing method for the Sawada—Kotera equation. Inverse Problems, 2001, 17, 885-895.

6. Dai, H. H. and Jeffrey, A. The inverse scattering transforms for certain types of variable coefficient KdV equations. Phys.
Lett. A, 1989, 139, 369-372.

7. Jeffrey, A. and Dai, H. H. On the application of a generalized version of the dressing method to the integration of variable-
coefficient KdV equation. Rend. Mat., Serie VII, 1990, 10, 439—455.

Uldistatud riiiitamismeetod muutuvate kordajatega Toda vorrandi integreerimiseks
Hui-Hui Dai ja Ting Su

Zakharov ja Shabat [1,2] konstrueerisid nn riilitamismeetodi (ingl dressing method) integreeruvate evolut-
sioonivOrrandite solitoni-tiilipi lahendite leidmiseks. Meetodi idee seisneb mittelineaarsete vorrandite
teisendamises (rlilitamises) lihtsamalt lahenduvaks lineaarsete integraalvOrrandite silisteemiks. Dai ja
Jeffrey [6,7] on seda meetodit iildistanud muutuvate kordajatega evolutsioonivOrrandite analiilisiks. Selle
iildistuse baasil on kdesolevas artiklis lahendatud muutuvate kordajatega Toda vorrand ja esitatud vastavad
pidevustingimused. Néitena on konstrueeritud iihe- ja kahesolitonilised lahendid.



