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Abstract. For the first time, a mathematical model has been proposed to 
describe the influence of blending ratio on the synergy in co-pyrolysis. The 
model is based on the stability of a new cross-compound AnB formed between 
the pyrolysis products of the blend components. A new characteristic, named 
synergy factor (δ), has been introduced to express the synergy formula. The 
value of δ and synergy in oil yield are positive when AnB is volatile or soluble 
in the solvents applied for oil separation. As an example, the model deduced 
was proved in the mathematical processing of earlier published experimental 
results on the co-pyrolysis of oil shale and pine wood in supercritical water 
at 380 °C during 4 hours. The values of δ were estimated for the subsequent 
distribution of the pyrolysate into water extract (including ether soluble and 
insoluble extracts), water insoluble oil (including benzene and acetone 
extracts), solid residue, and gas and pyrogenetic water. 
 
Keywords: co-pyrolysis, mathematical modeling, synergy, synergy factor, oil 
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1. Introduction 

Much attention has been paid to the co-pyrolysis of fossil fuels with biomass 
(BM) [1–15] and plastic wastes (PL) [15–26] with the aim to expand the 
crude resources and flexibility, to improve the composition of liquid 
products, and to advance environmental sustainability. 

It is understandable that the co-pyrolysis of fossil fuels with PL con-
sisting mainly of hydrocarbons and having a higher individual decomposi-
tion degree should upgrade the oil composition and increase the oil and/or 
gas yield. At that, the hydrogen transformation between the components 
would give an additional increase in the yield of volatiles. In contrast, the 
heteroatoms (O, N and S) typical of BM can deteriorate the composition and 
heating value of the products, whereas the mineral part of fossil fuels can 
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decrease the emission of toxic NOx, SOx, and organic volatiles as a sorbent, 
or act as a cracking catalyst. Besides, BM being CO2-neutral has an added 
attractiveness in the context of increasingly stringent CO2 emission laws. 

Several researchers have published experimental results concerning inter-
actions between the blend components in co-pyrolysis. The data revealing 
higher or lower yields of decomposition products than expected from the 
additive proportional contributions (the so-called positive or negative 
synergy) are conflicting because the effect depends on the type and contact 
of components, pyrolysis duration, temperature and heating rate, removal of 
or equilibrium between the volatiles formed, presence of solvents, catalysts 
and H-donors. 

 
1.1. Co-pyrolysis of fossil fuels with BM 

Most co-pyrolysis studies have been devoted to coal/BM blends. The results 
have been mainly obtained in thermogravimetric analysis (TGA) where less 
than some tens of grams of samples are used. 

It is known that the temperature of BM thermal decomposition is about a 
hundred degrees centigrade lower than that of coal. There are plenty of 
papers reporting that the position of peaks and the shape of TGA curves of 
the two components remain unaltered in blends. So, no interactions have 
been found in TGA during the co-pyrolysis of coal in blends with agri-
cultural BM or wood waste [1–5], and Thai lignite with corncob [6]. The 
lack of the synergetic effect in the blends of coal with switchgrass was also 
proved in a drop reactor at 900 oC [7]. Similarly, no obvious synergy was 
observed by Jones et al. [8] in pyrolysis-GC-MS of coal/pine blends, and of 
model hydrocarbon/coal and BM/coal blends. 

Inversely, it was reported in [9] that the TGA method from ambient to 
900 °C for 10% of hazelnuts in the blend with different rank coals revealed 
considerable deviations from the theoretical char yields in the case of peat 
and lignites. At that, the presence of hazelnuts increased the char yield with 
peat and decreased considerably that with lignites. Also, it was revealed that 
the char yield decreased and the liquid yield increased compared with the 
calculated values in the fast co-pyrolysis of legume straw with Dayan lignite 
[10]. The experiments were performed in a free fall reactor (i.d. 20 mm, 
length 1800 mm) heated in the range of 500 to 700 °C. In the free fall 
reactor, both the higher blending ratio (around 70 wt% of BM) and the 
relatively lower temperature (around 600 °C) were more in favour of 
obvious synergies during the co-pyrolysis of BM/coal blends. 

As a rule, non-additive compositions and yields of pyrolysis products 
were observed under low heating rates characteristic of large-scale batch 
pyrolysis tests. For example, in the co-pyrolysis of 100 grams of bituminous 
coal/pine wood blends at 520 °C [8] the oil contained less aliphatic and 
aromatic hydrocarbons and more phenols than would be expected from 
additive behavior. The co-pyrolysis of coal and BM in briquettes at 600 oC 
had a synergetic effect on the desulphurization of coal [11]. Park et al. [12] 
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showed in a fixed bed reactor the maximum synergy to produce 6% more 
gas and 3% less char at a wood/coal blending ratio of 2/3. Sonobe et al. [6] 
reported that in the fixed bed pyrolysis the char yield from the 1/1 blend of 
lignite/corncob was also 9% lower than the calculated value. The enhanced 
devolatization of pyrolysis products from the blend was explained by the 
transfer of hydrogen from corncob to lignite, as well as the promotion of the 
low-temperature thermal decomposition of lignite by exothermic heat release 
from corncob pyrolysis. 

According to [13] a significant synergy could be obtained during a rapid 
co-pyrolysis of the BM/coal blend in a high-frequency furnace where both 
the high heating rate and the satisfying contact between fuel particles were 
ensured. However, increasing the share of BM, whose packing density and 
thermal conductivity were lower than those of coal, decreased the heating 
rate of blends and weakened the synergies. Noteworthy is that contrary to the 
fall reactor [10], a low BM/coal mass ratio resulted in significant synergies 
during the rapid co-pyrolysis, leading to an increase in volatiles. 

It was found in [14] that the co-pyrolysis of woody BM and waste tires 
with catalysts in a fixed-bed reactor revealed an essential synergetic effect. 
The yields of carbon and hydrogen from the initial blend, and also the H/C 
atomic ratio in the oil were higher than calculated. It was concluded that in 
co-pyrolysis the hydrogen transfer inhibited the formation of polycyclic 
aromatic hydrocarbons from tires whereas the catalysts applied had an 
insignificant effect on the synergy. A positive synergy in the oil yield was 
also proved in the co-pyrolysis of scrap tires and Turkish Mustafa Kemal 
Pasa lignite [15]. 

 
1.2. Co-pyrolysis of fossil fuels with PL 

Sharypov et al. [16] co-processed Russian Kansk-Achinsk brown coal with 
PL, using TGA and autoclavic pyrolysis. In this work, TGA under argon 
atmosphere established clearly non-additive mass loss for the blends. The 
highest increase in transformation degree (10–13% of calculated) was 
observed when the coal share was below 30%. In autoclaves, a non-additive 
increase in the conversion degree of coal/PL blends was observed in the 
whole range of the feedstock composition, and a maximum of synergy  
(10–15%) was observed for the 1/1 blend. The increase was attributed to the 
improvement in coal conversion as the conversion of PL alone under the 
conditions tested was close to 100%, already. 

Independent thermal behavior with no synergy at all ratios was revealed 
in the TGA investigations of woody BM (beech, pine, cellulose, hydrolytic 
lignin) with PL (polyethylene, polypropylene) [17, 18]. Pyrolysing the same 
blends in autoclaves at 400 °C the yields of products were additive in the 
range of 50 to 100% BM. When the BM content was lower than 50%, non-
additive phenomena occurred, leading to higher yields of light fractions. At 
that, the origin of BM, as well as the type of polymers played an important 
role in the final distribution of products. The non-additive increase in the 
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conversion degree and yields of distillable fractions was also proved in the 
co-hydropyrolysis (H2 3 MPa, 400 °C) of pine wood with PE or PP in auto-
claves [19]. 

Results of TGA on the thermal decomposition of blends from Chinese 
Shenfu (SF) and Huayingshan (HYS) coals with PL showed a negative 
synergy in case of oxygen rich SF (Odaf = 12%) with both LDPE and HDPE, 
and a positive synergy in case of the blends of HYS (Odaf = 2%) only with 
HDPE [20]. 

Suelves et al. [21] co-pyrolyzed 2–5 mg of 70/30, 50/50 and 40/60 blends 
(%) of Samca coal and aliphatic C50 (pentacontane) at 900 oC in a pyroprobe 
1000 CDS. A positive synergy was reported in the yields of CO, C2H6, C2H4, 
C4H6 for all the blends, and a negative one in those of C3H8, C4H8 and C6-
compounds for the 40/60% blends. Synergetic effects of aromatics (benzene, 
toluene xylene and alkylbenzene) were negative for the 50/50 blend, but 
positive for the 70/30. 

 
1.3. Co-pyrolysis of oil shales with PL and BM 

There have been only a few works concerning co-pyrolysis of oil shale with 
BM or PL, despite that oil shales can be a valuable potential source of liquid 
hydrocarbons in several countries. 

In the works of Tiikma et al. [22, 23] the effect of co-pyrolysis of LDPE 
with Estonian Kukersite oil shale, its semicoke and Dictyonema argillite on 
the yield and composition of the pyrolysis oil was investigated. The yields of 
pyrolysis products (gas, oil, solid residue) of Kukersite/PL blends practically 
coincided with those calculated from the partial contribution of the blend 
components. Dictyonema argillite acted as a catalyst increasing the yields of 
gas and light oil fractions, and decreased that of heavier oil fractions. 

On the contrary, according to Aboulkas et al. [24, 25], the co-pyrolysis of 
HDPE, LDPE and PP with Moroccan oil shale from the Tarfaya deposit 
(1/1) had a significant synergy leading to an increase in thermal stability in 
TGA whereas in an autoclave, the positive synergy in the conversion degree 
of the blends varied between 2.4 and 6.0%, without noteworthy rules. In the 
1/1 blends the maximum values of synergy in oil yields reached 4.0% for 
HDPE, 4.7% for LDPE and 5.2% for PP at 500–525 oC. 

Veski et al. [26] have investigated the co-pyrolysis of Estonian oil shale 
Kukersite and pine wood (0, 25, 54, 75 and 100% of BM in the blend on OM 
basis) in supercritical water (380 °C, 4 h). It was found that the yields of 
different extraction fractions of oil were 1.5–1.9 times higher, and the yields 
of gas, water and solid residue 0.5–0.8 times lower than the corresponding 
additive values. It was revealed that the rise in the oil yield resulted from 
addition of polar compounds only and depended on the ratio of the blend 
components. 

The bio-oils formed represent a highly oxygenated complex mixture of 
large size polymolecules of esters, ethers, aldehydes, ketones, phenols, 
carboxylic acids and alcohols [27]. 
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The above-described interactions affording non-additive yields, and cha-
racteristics of co-pyrolysis products have not been mathematically modeled 
before. 

The aim of this work was to create a common mathematical approach for 
calculation, prediction and comparison of synergies in co-processing pro-
ducts at any ratio of the blend components. 

The mathematical approach proposed is explained and proved based  
on the experimental data published earlier by Veski, Palu and Kruuse-
ment [26]. 

2. Mathematical modeling of synergy in co-pyrolysis 

A common formula for synergy (∆) is expressed as follows: 
 

∆ = yexp – yad,                                               (1) 
 

where yexp is the experimental value of any characteristic output of co-
pyrolysis products (yield of gas, extracts, solid residue, viscosity, density, 
boiling point, etc.), and yad is the value of any characteristic output of the 
products calculated by addition of the proportional contributions of 
individual components. 

In this work, a hypothesis is developed that the synergy in co-pyrolysis is 
caused by formation of a new cross-compound AnB between the solid and 
liquid pyrolysis products of individual blend components A and B according 
to the following equilibrium reaction: 

 

nA + B ↔ AnB                                             (2) 
 

A positive synergy in the oil and gas yields can arise when one of the 
reactants, A or B, comes from the solid residue, and AnB is volatile in open 
retorts and extractable in closed devices. A negative synergy in the oil yield 
and a positive one in the yield of solid residue appear when AnB is non-
volatile or insoluble in the solvents applied for oil extraction. The value of n 
indicates the apparent number of A moles required for the reaction with one 
mole of B. 

The stability constant (K) for a complex formation according to the 
reaction equation (2) is described by the activities (ai) of components as 
follows: 

 

K = aAB /(aA
naB)                                          (3) 

 

The activities can be approximately expressed through activity constants (γi), 
yields of the pyrolysis products from individual components (∆, yA1, yB1,SR), 
the mole masses of the products (Mi), and share masses (gi) of OM of the 
components in the blend called blending ratios (xA = gA/(gA + gB) and xB = 
gB/(gA + gB)) as follows: 
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aAB = γAB ∆/MAB                                           (4) 
 

aA = γA yA1 xA/MA                                          (5) 
 

aB = γB,SR (yB1,SR) xB/MB1,SR                                    (6) 
 

The index B1,SR in Equation (6) indicates that the characteristics belong to 
the solid residue in the pyrolysis of the individual component B. Here and 
below, the analogous characteristics of the component A and the synergy 
product AnB may belong to a variety of pyrolysis products (gas, various 
extracts), and a particular product is described in the text. 

The yield of the new complex leading to synergy is described, congregat-
ing the invariables according to their type as follows:  

 

∆ = {K(γA γB,SR/γAB) [MAB/(MA
n MB)][ yA1 

n(yB1,SR)]}(xA)n xB          (7) 
 

Supposing that the values of activity constants, mole masses, and yields 
estimated for the individual components (xi = 1), and the unknown values of 
Mi are constant at any blend composition under the same operation condi-
tions, Equation (3) can be expressed as a simple proportionality between 
synergy and product of the shares of components: 

 

∆ = δn,1 (xA)n xB                                            (8) 
 

Noteworthy is that here we have introduced a new constant named 
“synergy factor” and marked as δn,1. The index of the factor shows the 
exponents of the shares xA and xB and n is the number of moles of the first 
component in the reaction with one mole of the second component. The 
synergy factor consists of several constant values as follows: 

 

δn,1  = K(γA γB,SR/γAB) [MAB/(MA
n MB)][ yA1 

n(yB1,SR)]              (9) 
 

The synergy factor enables quantitative description and comparison of the 
impact on the synergy of different components of the blend, their ratios and 
pyrolysis conditions. Equation (9) indicates that δ is valid only under definite 
pyrolysis conditions because yi depends on temperature and duration, and K 
on temperature. There is no synergy when δ = 0. When an equimolar 
reaction takes place, n = 1, and the maximum synergy is 0.25δ as far as xA = 
xB = 0.5. Any shift of the maximum from the blend ratio 0.5 demonstrates 
that the reaction is not equimolar. 

When n = 1, Equation (8) represents a simple proportionality: 
 

Y = bX,                                                (10) 
 

where Y = ∆, X = xAxB and b = δ1,1. 
So, an equimolar synergy reaction is proved when a straight line crossing 

zero is obtained when the experimental results are depicted according to 
Equation (10). In this case, it is easy to find the synergy factor δ1,1 from the 
plot of ∆ versus xAxB. 
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When a polymolar synergy reaction takes place, the values of δn,1 and n 
can be found from the reciprocal and slope of the linear relationship obtained 
logarithming Equation (8): 

Y = b0 + b1X,                                             (11) 
 

where Y = ln(∆ /xB), X = ln(xA), b0 = ln δn,1, and b1 = n. So, δn,1 = exp(b0). 
The synergy characteristics estimated under different pyrolysis conditions 

would help to understand, describe and compare the effects of various 
factors as temperature, heating regime, solvents, catalysts and reactor type 
on synergistic effects. 

3. Experimental 

In this work, the mathematical model proposed above was elaborated and 
proved taking experimental data from [26] where the results concerning co-
pyrolysis of oil shale (50.5% OMd, 12.8% CO2

d
min, 37.2% Ad, and 0.6% 

hygroscopic water) and pine wood (99.6% OMd, 0.4% Ad and 9.1% hygro-
scopic water) were published for the first time. The liquefaction was carried 
out under conditions of supercritical water, heating up during 110 min to 
380 °C, and duration at the nominal temperature of 4 hours. A series of 
experiments were conducted using 60 grams of each blend (0, 25, 54, 75 and 
100% of wood OM in the blend OM) and 180 grams of water in a 500 cm3 
autoclave. The pyrolysate was subsequently separated into the water extract 
(including ether soluble (E) and insoluble extracts (W)), water insoluble oil 
(including benzene (B) and acetone (A) extracts), solid residue (SR), and gas 
and pyrogenetic water (G + w) found from difference. The yields of the 
products are presented in Table 1. The group composition of the benzene 
extract was estimated by thin-layer chromatography. The results are given in 
Table 2. 

A more detailed characterization of samples, procedures and products is 
given in [26]. 

Table 1. Experimental yields of products, % of OM [26] 

Wood OM in blend OM, % Product Symbol 

0 25 54 75 100 

Water soluble oil, incl. W+E 7.7 7.6 8.9 11.8 5.6 
soluble in ether    E 3.0 3.3 5.2 7.0 4.6 
insoluble in ether W 4.7 4.3 3.7 4.8 1.0 

Water insoluble oil, incl. B+A 55.7 67.0 48.6 38.3 10.3 
soluble in benzene B 53.2 63.7 39.8 33.5 6.0 
soluble in acetone  A 2.5 3.3 8.8 4.8 4.3 

Solid residue SR 6.5 7.1 12.6 16.1 32.2 
Gas and pyrogenetic water G+w 30.1 18.3 29.9 33.8 51.9 
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Table 2. Group composition of benzene extract, % [26] 

Wood OM in blend OM, % Group of compounds 

0 25 54 75 100 

1 High polar heterocompounds 52.9 66.6 70.6 71.9 63.9 
2 Neutral heterocompounds 20.4 18.9 14.0 16.6 17.1 
3 Polyaromatic hydrocarbons  19.4 8.6 10.0 7.9 8.4 
4 Monoaromatic hydrocarbons 1.2 1.3 2.2 1.2 2.7 
5 Nonaromatic hydrocarbons 6.1 4.6 4.3 2.4 8.0 

4. Data processing and discussion 
4. 1. Estimation of synergy factors using the second-order polynomial 
trendlines 

Below, for a better understanding of the new approach the data processing 
will be described in detail. 

With the aim to eliminate experimental errors in calculations of the 
synergies representing small differences between comparatively high values, 
the experimental yields given in Table 1 were smoothed using the stochastic 
second-order polynomial trendlines: 

 

Yexp = b2xB
2 + b1xB + b0                                      (12) 

 

Analogous polynomials were applied for approximation of the yields of 
products soluble in different organic solvents, and of the group composition 
of benzene soluble compounds in [26]. The plots of experimental yields of 
co-pyrolysis products and their trendlines versus blend composition are 
presented in Figure 1. 

The regression coefficients of the adjunct trendlines in Figure 1 for inter-
polation of the experimental yields according to Equation (12) were obtained 
using Excel Data Processing. The data are given in Table 3. 

 

Table 3. Regression coefficients of the second-order polynomial trendlines in 
Fig. 1 

Product 1) b2 b1 b0 

G+w 62.07 –38.2 28.4 
W+E  –12.19 12.13 6.83 
B+A –85.41 37.33 57.76 
B –71.8 21.53 55.82 
E –6.07 8.81 2.47 
SR 35.53 –11.28 7.01 

 

1) Symbols see in Table 1. 
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Fig. 1. Effect of blend composition on the yield of co-pyrolysis products: 1 –  
(G + w), 2 – (W + E), 3 – (B + A), 4 – SR, 5 – B, 6 – E. Points illustrate experi-
mental yields, curves depict the yields predicted by the second-order polynomial 
trendlines. 

 
 
The coefficients in Table 3 were applied for interpolating the experi-

mental yields of products with a step 0.1 g/g of wood in the blend. The 
respective additive yields were calculated as follows:  

 

yad = xA yA1 + xB yB1                                       (13) 
 

The values of interpolated experimental and additive yields and their 
differences are presented in Table 4. 

The plots of synergies from Table 4 versus the products xAxB depicting 
Equation (8) for n = 1 are shown in Figure 2. It can be concluded from the 
satisfactory agreement between the experimental points and the linear 
trendlines that equimolar reactions take place in the synergies revealed. 

The equimolar synergy factors for the co-pyrolysis of oil shale and pine 
wood in supercritical water and their standard errors estimated as slopes of 
trendlines in Figure 2 are given in Table 5. 
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Table 4. Effect of blend composition (g/g) on the yield and synergy of pyrolysis 
products, % of OM 
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Fig. 2. Trendlines to estimate equimolar synergy factors for the co-pyrolysis pro-
ducts (symbols see in Fig. 1). 

Blend composition 

xB  0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Experimental interpolated yields 
G+w 30.10 25.20 23.24 22.53 23.05 24.82 27.83 32.07 37.56 44.30 51.90 
W+E 7.70 7.92 8.77 9.37 9.73 9.85 9.72 9.35 8.73 7.87 5.60 
B+A 55.70 60.64 61.81 61.27 59.03 55.07 49.41 42.04 32.96 22.17 10.30 
SR 6.50 6.24 6.18 6.82 8.18 10.25 13.03 16.52 20.73 25.64 32.20 
B 53.2 57.26 57.25 55.82 52.94 48.64 42.89 35.71 27.09 17.04 6.0 
E 3.0 3.29 3.99 4.57 5.02 5.36 5.57 5.66 5.63 5.48 4.6 

Yields calculated by additive contributions 
G+w 30.10 32.28 34.46 36.64 38.82 41.00 43.18 45.36 47.54 49.72 51.90 
W+E 7.70 7.49 7.28 7.07 6.86 6.65 6.44 6.23 6.02 5.81 5.60 
B+A 55.70 51.16 46.62 42.08 37.54 33.00 28.46 23.92 19.38 14.84 10.30 
SR 6.50 9.07 11.64 14.21 16.78 19.35 21.92 24.49 27.06 29.63 32.20 
B 53.2 48.48 43.76 39.04 34.32 29.60 24.88 20.16 15.44 10.72 6.0 
E 3.0 3.16 3.32 3.48 3.64 3.80 3.96 4.12 4.28 4.44 4.6 

Synergies 
G+w 0.00 –7.08 –11.22 –14.11 –15.77 –16.18 –15.35 –13.29 –9.98 –5.42 0.00 
W+E 0.00 0.43 1.49 2.30 2.87 3.20 3.28 3.12 2.71 2.06 0.00 
B+A 0.00 9.48 15.19 19.19 21.49 22.07 20.95 18.12 13.58 7.33 0.00 
SR 0.00 –2.83 –5.46 –7.39 –8.60 –9.10 –8.89 –7.97 –6.33 –3.99 0.00 
B 0.00 8.78 13.49 16.78 18.62 19.04 18.01 15.55 11.65 6.32 0.00 
E 0.00 0.13 0.67 1.09 1.38 1.56 1.61 1.54 1.35 1.04 0.00 



A Synergy Code in Co-Pyrolysis 

 

481 

Table 5. Equimolar synergy factors  for the yields of co-pyrolysis products 

Product G + w W + E B + A SR B E 

δ1,1, %(g/g)–2 –65.4 12.9 89.0 –36.6 77.2 6.3 
Standard error, ±% 0.9 0.9 1.2 0.6 1.4 0.5 

 
 
The data in Table 5 show a vital positive synergy (maximum 22% 

(calculated as 0.25δ1,1) in the 1/1 blend) for the summary yield of oil 
(benzene and acetone extracts) caused mainly (19%) by the synergy in the 
benzene extract. The favourable increase of oil yield is balanced by negative 
synergies, –16% and –9%, in the yields of gas and pyrolytic water, and solid 
residue. 

 
4.2. Prediction of the yields of co-pyrolysis products using an equimolar 
synergy model 

The actual yields of products were predicted as follows: 
 

yexp = δ1,1xA xB + xA yA1 + xB yB1                                 (14) 
 

Figure 3 depicts the experimental results from Table 1 and the curves 
predicted using Equation (14). 

Noteworthy is that the curves in Figure 3 predicted using Equation (14) 
actually coincide with the polynomial trendlines in Figure 1. The advantage 
of the model applied in Figure 3 is manifested by its physico-chemical 
meaning and the requirement for only one coefficient, δ1,1, enabling a simple 
comparison of synergies in various characteristics and in prediction of the 
effects of blending ratios. Nevertheless, the stochastic polynomials were use-
ful in the stage of research work, just for elimination of experimental errors 
in estimation of δ. So, it is important to find a suitable adjunct trendline for 
interpolation of experimental data. 

Any deviation of experimental yields from the second-order trendlines 
may result from either experimental errors or the complicated nature of the 
process. In the latter case a higher-order polynomial trendline should be 
applied instead of Equation (11). As seen in Figure 3, dispersions are the 
most troubling for the products B + A (curve 3), B (curve 5) and G + w 
(curve 1). 

 
4.3. Estimation of synergy factors using the fourth-order polynomial 
trendlines 

As an example, the fourth-order polynomial was applied to interpolation of 
the experimental yields of fractions Gas + w, B + A and B having consider-
able deviations from the second-order trendlines. The regression coefficients 
found by means of the respective Excel trendlines for the data in Table 1 are 
given in Table 6. 
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Fig. 3. Effect of blend composition on the yield of co-pyrolysis products assuming 
equimolar synergy reactions. Points illustrate experimental yields, curves depict the 
yields predicted according to Equation (14) (symbols see in Fig. 1). 

Table 6. Regression coefficients of the fourth-order polynomial trendlines for 
the yields of products in Table 1 

Product b4 b3 b2 b1 b0 

G + w 486    –1020    730    –174    30.1 
B + A –527    1119    –827    190    55.7 
B –818    1708    –1179    243    53.2 

 
 
The deviations from additive yields were found analogously to Table 4. 
For estimation of the synergy characteristics, the function ln(∆/xB) was 

plotted versus ln(xA) according to Equation (11) in Figure 4. The slopes of 
the linear trendlines represent directly the values of n, and the reciprocals 
give logarithms of the synergy factors ln(δn,1). Figure 4 demonstrates that the 
synergy characteristics depend on the blending ratio. An obvious change in 
the values of the slopes at equivalent shares of components (ln xA = ln 0.5 = 
–0.69) suggests that the process consists of two different synergy reactions 
described by n > 1 when kerogen prevails (region I), and by n < 1 when 
wood prevails (region II). The synergy characteristics found are given in 
Table 7. 

The data in Figure 4 and Table 7 show that synergy in the yields of the 
three products discussed is caused by reaction of 2.6–3.4 moles of kerogen 
with  one  mole  of  wood  when  kerogen  prevails  in the  blend.  When  less  
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Table 7. Polymolar synergy factors and exponents for the yields of co-pyrolysis 
products 

Product G + w B + A B 

 I II I II I II 

n 2.85(±0.20) 0.49(±0.04) 2.59(±0.18) 0.58(±0.04) 3.44(±0.21) 0.23(±0.06) 
δn,1, %(g/g)–(n+1) –164 –33 200 50 252 28 
 

y1 = 2.8505x + 5.1104
y2 = 0.4908x + 3.5065
y3 = 2.5928x + 5.2976
y4 = 0.5824x + 3.921
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Fig. 4. Trendlines to estimate the polymolar synergy characteristics n and δn,1 for the 
yields of co-pyrolysis products: 1 – (G + w)I, 2 – (G + w)II, 3 – (B + A)I,  
4 – (B + A)II, 5 – BI, 6 – BII. 

 
 

kerogen is  mixed with prevailing wood, on the contrary, two to four wood 
moles (1/n) react with one mole of kerogen. It can be supposed that the 
prevailing component dilutes, separates and protects the formation of 
associates of the minor component. 

 
4.4. Prediction of the yields of co-pyrolysis products using the polymolar 
synergy model 

Yields of the co-pyrolysis products were predicted introducing the synergy 
characteristics from Table 7 into the following equation: 

 

yexp = δn,1 (xA)n xB + xA yA1 + xB yB1                              (15) 
 

The results are depicted in Figure 5. A good accordance is evident between 
the yields predicted using the polymolar synergy model (15) and experi-
mental yields. 
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Fig. 5. Effect of blend composition on the yield of co-pyrolysis products assuming 
polymolar synergy reactions. Points illustrate experimental yields, curves depict the 
yields predicted according to Equation (15) (symbols see in Fig. 1). 
 
4. 5. Modeling and prediction of the yields of compound groups in 
benzene extract 

According to Table 1, the yield of the benzene solubles from individual oil 
shale was 53.2% and from individual wood only 6%. So, for discussion of 
actual contributions of the blend composition to the group composition of 
the benzene extract, the experimental yields of compounds from Table 2, 
their interpolated values, the proportional additive yields and synergies were 
expressed on the basis of total OM in the blends. The coefficients of the 
second-order polynomial trendlines and the respective yields and synergies 
are given in Tables 8 and 9. 

The trendlines for estimation of synergy factors are presented in Figure 6, 
and the data obtained in Table 10.  

 

Table 8. Regression coefficients of the second-order polynomial trendlines for 
the yields of compound groups in benzene extract, % of OM 

Group of compounds b2 b1 b0 

1 High polar heterocompounds –70 42.9 30.4 
2 Neutral heterocompounds –6.75 –3.83 11.54 
3 Polyaromatic hydrocarbons  5.57 –14.5 9.83 
4 Monoaromatic hydrocarbons –1.63 1.09 0.65 
5 Nonaromatic hydrocarbons 0.0549 –3.12 3.4 
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Table 9. Effect of blend composition (g/g) on the yield and synergy of com-
pound groups in benzene extract, % of OM 

Blend composition 

xB, g/g 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Experimental interpolated yields 
1 28.1 33.99 36.18 36.97 36.36 34.35 30.94 26.13 19.92 12.31 3.8 
2 10.9 11.09 10.50 9.78 8.93 7.94 6.81 5.55 4.16 2.63 1.0 
3 10.3 8.44 7.15 5.98 4.92 3.97 3.14 2.41 1.79 1.29 0.5 
4 0.6 0.74 0.80 0.83 0.83 0.79 0.72 0.61 0.48 0.31 0.2 
5 3.2 3.09 2.78 2.47 2.16 1.85 1.55 1.24 0.94 0.64 0.5 

Calculated additive yields 
1 28.1 25.71 23.28 20.85 18.42 15.99 13.56 11.13 8.70 6.26 3.8 
2 10.9 9.87 8.89 7.90 6.92 5.94 4.96 3.97 2.99 2.01 1.0 
3 10.3 9.34 8.36 7.38 6.39 5.41 4.43 3.45 2.47 1.49 0.5 
4 0.6 0.59 0.54 0.50 0.45 0.40 0.35 0.30 0.26 0.21 0.2 
5 3.2 2.97 2.69 2.42 2.14 1.86 1.59 1.31 1.03 0.76 0.5 

Synergies 

1 0.00 8.28 12.90 16.12 17.94 18.36 17.38 15.00 11.22 6.05 0.00 
2 0.00 1.22 1.62 1.88 2.01 2.00 1.86 1.58 1.16 0.62 0.00 
3 0.00 –0.90 –1.20 –1.39 –1.47 –1.44 –1.30 –1.04 –0.67 –0.19 0.00 
4 0.00 0.15 0.26 0.33 0.38 0.39 0.36 0.31 0.22 0.10 0.00 
5 0.00 0.12 0.09 0.05 0.02 –0.01 -0.04 –0.07 –0.09 –0.12 0.00 

 

y1 = 74.265x
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Fig. 6. Trendlines to estimate equimolar synergy factors δ1,1 for the yields of 
compound groups in the benzene extract: 1 – high polar heterocompounds, 2 – 
neutral heterocompounds, 3 – polyaromatic hydrocarbons, 4 – monoaromatic hydro-
carbons, 5 – nonaromatic hydrocarbons. 
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Table 10. Equimolar synergy factors for the yields of compound groups in 
benzene extract 

Compound group1) 1 2 3 4 5 

δ1,1, %(g/g)–2  74.3 8.29 –5.80 1.53 –0.03 
Standard error, ± 1.3 0.36 0.35 0.03 0.13 

 

1) See in Tables 2 and 8 and Figure 6. 
 
 
Comparison of the experimental yields of compound groups in the 

benzene fraction with the values predicted using the model proposed 
(Equation (14)) is depicted in Figure 7 (curves 1–5). 
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Fig. 7. Effect of blend composition on the yield of compound groups in the benzene 
extract. Points illustrate experimental yields, curves 1–5 depict the yields predicted 
for equimolar reactions, and curves 1* and 2* for polymolar reactions (symbols see 
in Fig. 6). 

 
 
Assuming that the noticeable deviation of experimental yields of benzene 

soluble compound groups from the calculated curves 1 and 2 is not caused 
by experimental errors, an nth-order synergy reaction should take place. So, 
Equation (11) for polymolar reactions was plotted in Figure 8 to elaborate 
the synergy characteristics of the groups of heterocompounds 1 and 2. 

The synergy characteristics found from the slopes of trendlines in Figure 
8 are presented in Table 11. 
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Fig. 8. Trendlines to estimate polymolar synergy characteristics n and δn,1 (X = ln xA, 
Y = ln (∆/xB)) for the yields of high polar (1) and neutral (2) heterocompounds in the 
blends where kerogen (I) and sawdust (II) prevail, and to estimate δ1,1 (X = x1x2,  
Y = ∆) for the yields of neutral heterocompounds when sawdust prevails (2*-II)  
(X = x1x2, Y = ∆). 

 

Table 11. Polymolar synergy factors and exponents for the yields of hetero-
compounds in benzene extract 

High polar heterocompounds Neutral heterocompounds Product 

1-I 1-II 2-I 2*-II 

n 3 (±0.2) 0.43(±0.05) 6.8(±0.5) 1 
δn,1, %(g/g)–(n+1) 202 34.5 92 7.67(±0.13) 

 
 
Two different ranges of the blending ratio are obvious for the hetero-

compounds. When kerogen prevails (1-I, 2-I), several moles of kerogen are 
needed for the synergy reaction per mole of wood, like in the synergy 
characteristics of the total benzene fraction depicted in Figure 4. When wood 
prevails, only 0.43 mole/mole of kerogen is needed for the high polar 
compounds (1-II). But a specific curve of neutral heterocompounds (2-II) 
shows a really trivial polymolar synergy (8.9*10–4(xA)–6.2xB) between 0.5 and 
0.7 g/g of wood. So, it is suggested to apply the equimolar model (2*-II) in 
the region. 

A good accordance is evident from Figure 7 between the yields predicted 
using the polymolar synergy reaction characteristics from Table 11 and the 
experimental yields. Besides, the curves in Figure 7 and the synergy factors 
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in Tables 10 and 11 reveal quantitatively that an essential positive synergy in 
the yield of benzene soluble oil results predominantly from an additional 
formation of unwanted high polar heterocompounds (max. by 18%) and 
neutral heterocompounds (max. by 2%), whereas the synergies are trivial in 
the yields of welcome hydrocarbons. 

5. Conclusions 

For the first time, a mathematical model has been proposed to describe the 
influence of blending ratio on the synergy (∆) in co-pyrolysis of two 
components, A and B. The model is based on the stability of a new cross-
compound, AnB, formed between the liquid (solvent soluble) and solid 
(insoluble) pyrolysis products. A new characteristic, synergy factor (δn,1), has 
been introduced to express the synergy formula ∆ = δn,1(xA)nxB where xA and 
xB are the shares of components in the blend, and n is the number of A moles 
reacting with one mole of solid (insoluble) B in the synergy reaction. When 
AnB is volatile or soluble in the solvents applied for oil extraction, the 
synergy is positive, and when insoluble, a negative driftage of the charac-
teristic from the proportionally additive values takes place. 

The model deduced has been proved in the mathematical processing of 
earlier published experimental results [26] on the co-pyrolysis of oil shale 
and wood blends in supercritical water at 380 °C during 4 hours The values 
of δ1,1 estimated for the decomposition products decrease in the row,  
%(g/g)–2: sum of benzene and acetone extracts 89.0, water and ether extracts 
12.9, solid residue –36.6, and gas and pyrogenetic water –65.4. The values 
of δ1,1 for the yields of components in the benzene soluble fraction decrease 
as follows: high polar heterocompounds 74.3, neutral heterocompounds 8.3, 
monoaromatic hydrocarbons 1.53, aliphatic hydrocarbons –0.03, and poly-
cyclic hydrocarbons –5.8. 
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