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Mathematical modeling of polydispersed (gas-solid particles) flow with light 
(ash) and heavy (corundum) particles is presented to analyze manifold pro-
cess occurring in circulating fluidized beds (CFB). This study covers the 
process of turbulent mixing of particle and particle-particle collision, 
particle-surface collision and pertains the gravitation and viscous drag and 
lift forces. The 2D RANS (Reynolds Averaged Navier-Stokes) equations are 
used for numerical modeling of uprising polydispersed turbulent flow with 
implemented k-Lh model of closure. The flow domain is a round pipe with 
diameter of 30 mm and height of 100 calibers (pipe diameters). The flow 
(mean velocity up to 10 m/s) carries two fractions of ash particles (material 
density of 1020 kg/m3 and sizes of 0.25 and 0.4 mm) and corundum particles 
(material density of 4000 kg/m3 and size 0.4 mm). Two mass loadings – 5 and 
10 kg/kg – were considered. 
    The results are presented in the form of distribution of axial and radial 
velocity components of gaseous and solid phases, particle mass concentra-
tion and kinetic turbulent energy along the flow height at steady-state flow 
cross-sections. 

Introduction 

This paper is a further development and analysis of the numerical modeling 
of the processes occurring in circulating fluidized beds (CFB). Within given 
numerical investigations we focus on the problem of turbulent motion of the 
particles along with particles’ collision in the case of polydispersed solid 
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admixture. The polydispersed admixture under study is a composition of 
light and heavy solid particles varying in size and rising up in the turbulent 
pipe flow. The first step is to evaluate the effect of variation in the particle 
material density on parameter distribution to develop further numerical 
modeling of such complicated flow in which heat conditions together with 
the real distribution of particle size and real composition of particle material 
occurring in real processes in CFB [1] will be included. The approach 
enables to optimize mass concentration of solid ash particles in fire gases. 
For the numerical simulation of the uprising gas-solid particle flow occur-
ring in the vertical riser in the CFB conditions temperature, gas velocity, and 
particle concentration are followed. The particles of the Estonian oil shale 
ash are chosen.  

The previous numerical simulations have been performed using the two-
phase turbulent boundary layer (TBL) approach [2]. This approach implies 
that the diffusive source terms were retained only in one direction, namely in 
the transverse one, and magnitudes of the average transverse velocity 
components of the gaseous and dispersed phases were much less than those 
of the longitudinal components of the corresponding velocities of gaseous 
and dispersed phases. Such an approach is thoroughly valid and used in the 
case of pipe channel flows as well as in the case of turbulent round jets 
together with the flow past of the rigid shapes [3, 4]. 

In the present work we assess the mutual impact of two coexisting 
particle fractions, namely ash (light) and corundum (heavy) particles with 
variation in their particle sizes. The problem is solved by using the 
mathematical prediction (2D RANS) approach. 

In comparison with our previous article, in calculations the following 
practical initial data [2] were used: 

 

Table 1. Initial data for calculations 

Parameter Dimension Minimal Average Maximal 

Diameter m 0.030 0.03  
Pipe data 

Height m 3 3  

Ash concentration kg/kg 5 10 0 
Ash density kg/m3 1020 1020 0 
Ash particle size m 0.00025 0.0004 0.000 
Corundum density kg/m3 4000 4000 0 
Corundum particle size  m 0.00025 0.00025 0 

 
 
The present research is a continuation of our previous numerical study of 

processes occurring in CFB using the two-fluid (Euler-Euler) approach 
describing the behavior of solid particles as a continuous co-existing solid 
phase. Along with this the 2D RANS modeling with the use of finite 
(control) volume method [5] is currently applied to avoid common assump-
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tions of TBL approximation. We extended RANS modeling originally per-
formed to model 2D the single-phase turbulent pipe flow for covering now a 
two-phase flow with an incorporated solid particle phase. The other popular 
approach now for modeling of the dispersed phase is the Lagrange particle 
tracking method. To use the Lagrange method, one can handle with huge 
number of tracking particles (up to several millions of particles depending on 
mass flow loading) to obtain solution convergence and to take into account 
particles’ feedback into the primary (gas-phase) fluid, on the contrary to the 
Euler approach one can determine direct impact of particles on the fluid 
turbulent structure. The two-dimensional flow of gas-solid particles taking 
place in the CFB riser where the total volume concentration of solids is 3% 
was studied by the Lagrangian approach using the particles tracking method 
[6]. The Lagrangian approach of particle collisions was also used by 
Sommerfeld [7] who introduced a stochastic inter-particle model for the case 
when a fictitious particle and trace particles collide.  

Theoretical terms of the model 

As for multiphase flows, a lot of models were developed for particulate 
flows [8, 9]. The “two-fluid model” has been used at modeling dispersed 
two-phase systems, where the gas and the particles are considered to be two 
coexisting phases that reach the entire flow domain. To describe the flow of 
the particulate phase, one of the possibilities is using the Reynolds-Averaged 
Navier-Stokes (RANS) method. The general equations of this method were 
examined by plenty of experiments, which showed that using this method it 
is possible to discover, for example, boundary conditions, and it is quite easy 
to implement them numerically. In this work the RANS method is used for 
both coexisting phases, namely the gaseous and solid phases with closure 
equations. To close equations of both phases two approaches: a) Crowe 
model [9] to capture particle-turbulence interaction and b) Kartushinsky and 
Michaelides [10] particle collision model to assess inter-particle interaction 
were used to get needful data: axial and radial velocities, turbulent energy, 
mass concentration. The information on these parameters will surely be 
useful for particulate flow predictions. 
 
Governing equations for the two dimensional RANS model 

This model is based on the complete averaged Navier-Stokes equations 
applied for axi-symmetrical upward gas-solid particle turbulent pipe flow. 
The governing equations present the carrier fluid (gaseous phase) and solid 
(polydispersed) phase that are considered to be co-existing flow and consist 
of continuity equation for the gaseous phase and mass conservation equation 
for the dispersed phase together with momentum equations for both phases 
in streamwise and radial directions. In addition, the moment of momentum 
equation for the solid phase is included, because Magnus lift force and 
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plausible particle rotation stem from the interaction with wall. The solid 
phase is considered to be a polydispersed phase with two particle fractions – 
light (ash) particles and heavy (corundum) particles. The system of govern-
ing equations is taken from the papers [11-13]. 

The system equations are presented in the tensor form with the following 
rule for indices variation: i = 1, 2; i = 1 = x; i = 2 = y; and i + 1 = 3 = x; 
summing over repeating indices.  

Index “s” relates to the dispersed phase, and index “k” is number of 
particle fractions of the polydispersed phase, 1 2k≤ ≤ . 
1. Continuity for the gaseous phase: 
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3. Closure equations for the gaseous phase (Boussinesq concept) and k-L 
Crowe model [10]: 
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4. Mass conservation equation of the dispersed phase: 
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5. Momentum equation for the solid phase: 
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6. Linear momentum for the solid phase: 
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here p is pressure, v, sv , and sω  – linear and angular velocity components of 
gaseous and solid phases, respectively, and α  – particle mass concentration. 

ri i siv v v= −  is relative velocity of the dispersed phase, τ , τ ′  – particles’ 
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response time for Stokes and non-Stokes regimes, respectively. Coefficients 
MiC  and siF  describe correction of the lift Magnus and Saffman forces, and 

iCω  is rotation coefficient of particles taken from [14]. rot sV ωΩ = −
r

 gives 
angular velocity slip of particles with average value, k k

si sjv v′ ′ , and diffusion 
coefficients, tD  and sD  are the particles stress tensors. The average value 
represents the particle stress tensor components which are derived from 
inter-particle collisions. It describes diffusion of the particles from their 
collision. These solid phase parameters are calculated following the model of 
Kartushinsky and Michaelides [11]. For the calculation of the turbulent 
diffusion coefficient of particles the model Zaichik [15] is used. 

Results and discussion 

Numerical method. In the given RANS computations the control volume 
method was used. The governing equations (1–6) were solved using a strong 
implicit procedure with lower and upper matrix decomposition and with an 
up-wind scheme [5]. For the computations 280,000 uniformly distributed 
control volumes were run. Wall functions were incorporated at a dimension-
less distance which has been taken as a half of the grid size from the wall.  

All computations were extended from the pipe entrance to a distance up 
to x/D = 100. For the particulate phases in which the size of particles is often 
larger than the size of the viscous boundary sub-layer, the numerical method 
developed by Hussainov et al. was employed [3]. All results are presented in 
the dimensionless way: the velocities of both phases are related to gas-phase 
velocity at the flow center (r = 0), the turbulent energy – to square of gas-
phase velocity at the flow center, the particle mass concentration – to its 
value at domain center of the flow (r = 0).  

Numerical results. It is known that the increase in the particle mass 
concentration as well as the decrease in the particle size result in the 
decrease in the velocity slip between average velocities of gaseous and 
dispersed phases [3]. The effect of interparticle collisions is very important 
for the flows of particulates of the mass ratio larger than 1 (kg dust/kg air), 
when τc /τp<1, and the time of interparticle collision τc is less than the 
particle response time τp. We performed calculations taking into account the 
inter-particle collisions described by the analytically obtained stress tensor 
components k k

si sjv v′ ′  and calculation of diffusion coefficient k
sD  which is not 

empirical in equations (Eqs. (4–6)), they are obtained by analytical solution 
from an original model of closure given in [11].  

The results of the simulation are shown in the following figures. In Fig. 1 
there is axial velocity of carrier fluid (gaseous phase) and dispersed phase as 
a whole – average velocity of the mixture of ash and corundum solid 
particles is given as ( ) ( )s 1 s1 2 s2 1 2u = α u +α u / α +α , where s1u  and 1α  are the 
axial linear velocity and particle mass concentration of the ash particle 
fraction, and s2u  and 2α  are the axial linear velocity and particle mass 
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concentration of the particle fraction. The profile of axial velocity of the 
single phase is also shown in this figure. The two cases are examined, the 
flow with solid particles of ash of the same size, 250 microns, and with mass 
loading c=5 kg dust/kg air, and the mixture of larger ash particles, 
400 microns and corundum particles 250 microns at higher mass loadings of 
c=10 kg/kg. The distribution of average velocity of the dispersed phase su  is 
almost flat across the flow that differs from typical velocity profiles of the 
gaseous phase. The increase in mass loading and variation in particle size of 
solid admixture makes a small impact on the change of the shape of average 
velocity of the solid phase. The increased velocity close to the wall is due to 
higher rate of inter-particle collisions occurring in the solid mixture of ash 
and corundum particles of different particle sizes.  

The axial velocity components of different solid particles are shown in 
Fig. 2. The particle velocity profiles are in consistence with their motion, so 
small and lighter ash particles move faster than corundum particles of the 
same mass of diameter 250 µ (see dashed bold and bold lines). This 
tendency is observed even for larger but lighter ash particles of 400 µ versus 
heavy smaller  particles of 250 µ (see. dash-dotted and sold lines) at high 
mass loading of 10 kg/kg. However, we observe that in this case difference 
in velocity decreases.  

Figure 3 shows distribution of radial velocity of gaseous and dispersed 
phases, namely profiles of ash and corundum particles plotted separately 
together with their average radial velocity which is calculated in the same 
manner as the previous axial velocity, ( ) ( )s 1 s1 2 s2 1 2v = α v +α v / α +α  for  
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Fig. 1. Axial velocity distribution of gaseous and dispersed phases at different 
material densities and sizes: ash particles 0.25 mm and 0.4 mm, ρp = 1020 kg/m3, 
corundum particles (0.25 mm and 0.4 mm, ρp = 4000 kg/m3) and for two mass flow 
ratios: 5 and 10 kg/kg. 
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Fig. 2. Axial velocity profiles of ash and corundum particles at various particle size 
(0.25 and 0.4 mm) and mass loadings (c = 5 and 10 kg/kg). 
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Fig. 3. Radial velocity profiles of gaseous and dispersed phases for ash and 
corundum particles of different sizes (0.25 and 0.4 mm) at various mass loadings  
(c = 5 and 10 kg/kg), and profiles of average radial of the mixture of solid compo-
nents, sv  at various flow mass ratios (c = 5 and 10 kg/kg). 

 
 

different mass loadings, c = 5 and 10 kg/kg, where s1v  is the radial linear 
velocity of the ash particle fraction and s2v  is the radial linear velocity of the 
corundum particle fraction. As one can see, magnitude of the radial velocity 
of the dispersed phase is larger than that of the gaseous phase. Besides, 
radial velocity of smaller and lighter ash particles is higher than that of 
heavy corundum particles (see bold dashed line and bold solid line). The 
increase in mass loading results in the decrease in radial velocity of the 
dispersed phase (see lines for average velocity sv  obtained for c = 5 and 
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10 kg/kg) which is associated with higher rate of turbulence attenuation 
observed for higher mass loading. The distribution of radial velocity of the 
dispersed phase is much more important because of its impact on the mixing 
process.  

Figure 4 shows distribution of angular velocity of the dispersed phase for 
ash and corundum particles when the particles obtain rotation owing to their 
interaction with the pipe wall. As the figure shows, angular velocity 
gradually increases towards the wall, and rotation of light ash particles in the 
wall vicinity is higher than that of heavy corundum particles. Figure shows 
also average angular velocity calculated as previously for linear particle 
velocity components, su  and sv , ( ) ( )s 1 s1 2 s2 1 2ω = α ω +α ω / α +α , where s1ω  
is the radial linear velocity of the ash particle fraction and 2sω  is the radial 
linear velocity of the corundum particle fraction. The rotation of the particles 
slows down due to inertia effect of corundum particles. The rotation of 
particles intensifies the process of mixing because of radial migration of 
particles across the flow. 

Figure 5 shows distribution of turbulence energy in the single-phase pipe 
flow and in the gas-solid loaded pipe flows for different regimes: for the 
same particle size of ash and corundum of 250 µ at different mass loadings 
(c = 5 and 10 kg/kg) and for different particles sizes of ash of 400 µ and 
corundum of 250 µ at higher mass loading of 10 kg/kg. The whole trend 
shows that particles at all observed regimes attenuate turbulence almost 
along the entire cross-section, and they generate turbulence in the wall 
vicinity due to their small size and less inertia. According to Crowe criteria 
[10], the ratio of largest particle size (400 µ) to integral length scale is on the  
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Fig. 4. Angular velocity profiles of ash and corundum particles (0.25 mm) and 
average profile of mixture of particles sω  at mass loading c = 5 kg/kg. 



Mathematical Model of Two-Phase Flows Loaded with Light and Heavy Particles... 

 

177 

0 

0.003 

0.006 

0.009 

0 0.25 0.5 0.75 1

Radial distance, r/R

Tu
rb

ul
en

t e
ne

rg
y  

single-phase

ash & corundum 0.25 mm, c = 5

ash & corundum 0.25 mm, c = 10

ash 0.4 & corundum 0.25 mm, c = 10

 
Fig. 5. Turbulent energy profiles of single and gaseous phases for the mixture of ash 
and corundum particles of the same size of 0.25 mm. Flow mass ratios c = 5 and 
10 kg/kg, mixture of ash and corundum with different particle size: ash 0.4 mm and 
corundum 0.25 mm for mass flow ratio c = 10 kg/kg. 

 
 

domain where particles should damp turbulence, or it lays close to the edge 
of turbulence attenuation/generation effect by the presence of particles. The 
increase in polydispersity (variation of particle size 400 µ of ash and 250 µ 
of corundum together with variation of particle material density) raises the 
level of turbulence in the two-phase flow (see dashed bold line and solid 
bold line). Such a tendency is observed for the increase in the mass flow 
ratio (see solid line and bold solid line in Fig. 5). To enhance turbulence, it 
would be better to use larger particles such as at least double their size which 
probably occurs in a real process, for example in CFB (circulating fluidized 
bed). Higher turbulence level leads to better mixing and thus to higher 
efficiency of the combustion process in CFB.  

Finally, Fig. 6 shows distribution of particle mass concentration across 
the flow in the tested flow regimes. All cases show a general tendency of the 
decrease in mass concentration towards the wall because of higher gravita-
tion and less axial velocity component of the dispersed phase near the wall. 
Mass concentration of light ash particles of average concentration 1 2α=α +α  
and corundum particles of 250 µ near the wall is less than that of particles of 
high polydispersity of different particle size (400 µ for ash and 250 µ for 
corundum). The increase in flow mass ratio is less pronounced than variation 
in particle size. Particle size distribution is also a very important factor in 
determining CFB efficiency. The gradient profiles of mass concentration 
may show obstacles in the combustion process, therefore one has to know 
corundum mass fraction distribution to improve combustion cycles.  
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Fig. 6. Distribution of particle mass concentration for mixture components: ash and 
corundum particles of 0.25 mm at mass ratios c = 5 and 10 kg/kg, average mass 
concentration α  for the same (ash and corundum 0.25 mm) and different particle 
sizes (ash 0.25 and corundum 0.4 mm) at mass ratio c = 5 kg/kg (without collision of 
particles) and c = 10 kg/kg (with collision of particles). 

Comparison of the results 

Comparing the results with those of our previous work “Numerical simula-
tion of uprising gas-solid particle flow in circulating fluidized bed”, in which 
theoretical initial data was used, the following remarkable facts can be 
marked: 

– the presence of the other fraction – heavier particles of corundum – 
and the numerical results obtained are compared with our previous 
results. Calculations considering two particle fractions in the flow 
reflect more truly the actual process occurring in CFB.  

– the results describe more qualitatively the processes analogous to the 
actual processes in real objects in terms of geometry of CFB units 
showing that involvement of the other particle fraction may notice-
ably modify the whole process in CFB.  

Conclusions 

The numerical simulation of the two-phase fluid dynamics performed by 
Euler/Euler (2D RANS) approach showed the importance of involvement of 
a second solid fraction (ash and corundum particles) in formation of the 
whole process occurring in CFB. The main contributors to the formation of 
the flow are interparticle collisions and modulation of the four-way coupling 
turbulence due to the presence of solids. The other forces affecting the 
motion of solids are gravitation, viscous drag and lift forces. On the basis of 
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the performed calculations we can conclude that the presence of the other 
fraction results in: 

a)  decrease in elevation rate of motion of the polydispersed phase along 
with the velocity of carrier fluid;  

b)  variation in particle size in the polydispersed admixture that decreases 
its radial velocity and increases turbulence level due to inter-particle 
collisions; 

c)  variation in particle size in the polydispersed admixture that results in 
aligning the profiles of mass concentration in flow cross-sections 
because of high dispersion rate. 

The obtained results can be used for real-scaled CFB risers with solid ash 
particles of Estonian shale if the size of two main particle fractions will be 
increased. 
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