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Abstract. The coercivity inequality is established for the finite difference operator which
approximates in two- or three-dimensional unit cube the quasilinear elliptic operator for the
second boundary value problem. The obtained results are based on special discrete analogues
of the Sobolev imbedding theorems.
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1. INTRODUCTION: NOTATIONS AND AUXILIARY RESULTS

The coercivity inequalities have been used in the study of convergence of
the finite difference method in strong Sobolev norms (8€d)[ In the present
paper we establish a coercivity inequality for the finite difference operator that
approximates the:-dimensional {» = 2, 3) Neumann boundary value problem for
the quasilinear elliptic operator of the 2nd order on the unit cube. Imoase3 we
assume that the differential operator contains no mixed derivatives. Note that in the
case of the Dirichlet boundary value problem & 2, 3) the coercivity inequality
holds without this restriction (seé]).

Let

QO={0<z;<1,i=1,...,m}

be them-dimensional unit cube with the bounda®2 and closure. Introduce
the grid

Qn={¢ = (kih,...,kph), ki=0,1,....,n;i=1,...,m}, h=—,
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and denote - -
Qrn=,N0, 0Q,=Q,N00.

Given a grid functiong;: Q, — R, we prolong it to the bounday 2;, using the
values ofy at the nearest grid points 6%, e.g.

y(krh, ... ki_1h, 0, kisah, ... kmh) =
y(kih, ... ki_1h, b, kisih, ... kmh),

y(kih, ... ki_1h, L kiih, .o kph) =
y(klh, oy ki—1h, (n — 1)h, kigqh, ..o kmh);
kk=1,....n—1, i=1,...,m.

Into the remaining grid points a@¥<2;, we prolong the grid functiog also with the
value at the nearest point of the $bt. For the prolonged grid functions we define
the discrete Laplace operator by the formula

—Apy(z) == 9i0iy(z), €,
i=1

where

1 _ L
Oy = ﬁ(y“l —y), Ow=—(y—y "),

y i =y +he), y i =yl@—he), e=6i,...,0m).
For the prolonged, v: 2, — R, we use the following notations:

1/p
uy||Lp<Qh)=<hmZ|y<5>|p> Cl<p<oo

£eQy,

(in the case = 2 we also use the notatidplo = [|yllo = [yl L, (2,))s
Ille@n) = 1¥llzo@n) = maxly(€)],

(y,v) = 1™ D y(&)v(&),

§€Qy
m 1/2
yh = (Z raiy\%)) |
=1
m - 1/2
lyls = ( 3 ||az-ajyu%) ,
ij—1

k 1/2
Iyl = (Zry@) k=12,
s=0
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Further, byH*(Q,) (k = 1,2) we denote the discrete Sobolev space supplied with
the norm||y||.
Using the formulas of summation by parts, we get

lyliF = Iyll + (—Any,y) |
lyll3 = 11yl + (= Any, —Any) -

Consequently,
Iyll? = ((=2n + )y, y)

and
%((_Ah +1n)y, (—An + 1n)y) < |lyl3 < ((—An + In)y, (—An + In)y) , (1)

wherel}, is the identity operator. This means that the Sobolev ndiis and||y||2
are equivalent to the normig—Ay, + I1,)/2yllo and||(— Ay, + 11,y o, respectively.
Now with the help of the operator

D, = —-A,+ 1,

we define the interpolation spaé*’(€2;,) (3 < 8 < 1) with the norm

lyll2s = 1@y]lo -

For the interpolation spacd$2®(Q;,) the following theorem] holds.

Theorem 1. For the grid functiongy: €2, — R, prolonged to the boundary with
the value from the nearest inner grid paittie following inequalities hotd

m
||yHC(Qh) < C||y||2/67 ﬁ > Z? m = 2137

A (g —2)m+2q 2q
10yl Ly n) < cllyll2s, B> T Mo

whered; denotes eithed;, 9;, or §; = 2(0; + 0;).
Also the following result (se€']) is valid.

Corollary 1. For any ¢ > 0, we have

lyll2s < 272Nyl + e~ lyllo) - )
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2. COERCIVITY INEQUALITY

Let Ou/0v denote the outer normal derivative of the bounda®y Consider
the quasilinear elliptic operator of the Neumann boundary value problem defined

by

=0 ou ou
tu== 30 o (aglei g ) F b, 5 <0 m=23,

aij(z,u) = aji(z,u),

and its discrete analogue in the following form:

1 — — _
Ay = =5 > 10 (aij(=,9)05y) + 0i(aij(,y)d;y)] + bz, ¥)y |
ij=1
y € H*(Qp).

In what follows we assume that the following conditions hold: B
(I) For anya > 0 there exists a numbet, > 0 such that, for al; € R, z € €,
u € [—a,a], there hold

m m

Z agi(z,u)&&; > MZ@Q, b(z,u) > Kq.

i,j=1 i=1

(1) The functionsa;;(x,u), b(x,u) are continuously differentiable, and for
z € Q,u € [—a,al, there hold

OH1 + 2 aij (1.7 ’U,)
axf“f)u/@

8H3+M4b(x7 u)

8$;L3 Out < da

a s

where 0 < pi,p0 <3, m+p2 <3, 0 < pg,pa <2, ps+ps < 2,
l=1,...,m. Hered, is a positive constant dependentan

Theorem 2. Let conditions(l), (Il) be fulfilled. In casen = 3 assume also that
a;j = 0for j #i. Thenforall y, v € H?(Q;) such thamax(||yllc(a, ). [v]lcw,),
[yll2, lv]|2) < a, there holds

Ra
(Any — Apv, Pay —v)) = - lly = vl = cally —vlhlly = vlz,  (3)
and together with it the following coercivity inequality is valid

| Any — Apvllo > — 1. (4)

Ry — ol — 2%
Fa 0 Ca
2\/§y 2 \/iy
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Here
W\ B/(B-1) -
Cq = da(5m2\f2+ cla+ a2)) + (%) [da(a + a2)]1/(1 8) ’
B=13form=2, 3= % for m = 3, ¢ is a positive constant.

Proof. It follows from condition (1I) that the operatad; : H?(Q) — L2(Q)
possesses the Frechet derivative:

PCLERY) yw}

ou

=Ap (W) + App(y)w, y,we H*(Q).

Since

1
Apy — Apv = /A;L (0y + (1 — 0)v) (y — v)db, (5)
0
we have

(Apy — Apv, ®p2) = [ (AL (0y + (1 = 0)v)(y — v), ®pz)df

S O~ _

1
(Ahl 2, Ppz d9+/ Ah2 Z <I>hz d9
0

z=y—v, n=0y+(1-0)v.
First we consider the scalar product

(Ahl(n)z, @hz) = (Ahl(n)z, —Ahz) + (Ahl(n)z, z),

m

alj(ﬂv 77)8 )+3 (a”(w n)0; z)] +b(z,n)z. (6)

[\.')M—A

7]
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Using the Leibniz formula for the difference of the product, we get

Am(mz= -5 > aij(w,n)(9:0;z + 9,0;2)
ig=1
= 5 3 o) @52+ B o) (952) ]
ij=1
+b(z,m)z

Thus,
(Ap1(n)z, —Apz)

1 m B . m .
= (Z aij(2,0)(0:0;2 + 0:0;2), Y Okﬁkz)

i,j=1 k=1

+% (Z [0 (aij(x,n)) (@;2) 7" + i (aij (x,m)) Zakakz)

1,j=1

+ (b(% mnz— Y 3k3k2>
k=1

The addends™) occupies the central place in the estimation of the scalar product
(Ap1(n)z, —Ap2):

1 m . 7 m _
S = 3 (Z agj(x,n)(0:0;z +8iaﬁ'z)7za’f@kz)

hi=1 k=1
1 & - B
=5 2 (a(@n) (0,2 + 8i0;2), 0,9,2)
i,7,k=1
k=i or k=j

1 & - — _
+5 2 (e, n)(0:diz + 8,0iz), 04yz) = s 4 g
i k=1
ki

because forn = 3, a;; = 0if j # i. Using the formulas of summation by parts
(cf. [*]) and the way of prolongatlons to the boundé&r§2;,, we get

1 & = =
s = 5 > [(aii(@,m)0i0z,00:2) + (ai(x, )00z, 0,0;)] +59. (@)
i k=1
ki
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m

S%) = *Z [_(gk (aii (:L‘, 77)) (81512)71" 5 gkz) + (61 (aii (.%', 77)) (5k2)+1i, &gkz)
z}izl

- (8k(a”(a:,n))(gzazz)Jrl’“,akz) + (Ez(a”(:r,n))(@;gz)_ll,a@kz)] .

Thus
1 1 1 1
s =5 4 58 = 5§V 4 58,
where
1 m m B B B B
S(()l) =3 Z Z [(aij(az,n)ﬁi@kz,@jakz) + (aij(x,n)é)iakz,ajakz)}
k=14,j=1

(a;j =0, j # i form = 3). Summation by parts yields

SE@) = (b(:c, )z, — i 8k5kz>
k=1

Z (b(x, 1)0k2, akz) + Z ((9k (b(z, n))erl’“,akz) = S£3) + Ség) .
k=1 k=1

From (1) it follows that
S > kl2f}
and

S(1 > K Z (0;0k2, 0;012) —/{a|z\2
i,k=1

Using condition (II) and the mean-value theorem, we get

3
1S < do(vV2ml2lol2h + 12l ey Il 12h) -

Analogously
|1SSD] < 2duv2m(|21]2]2 + [nlr.al2]1a]2]2) ,
S| < dem®V2(|201]2]2 + [1]1.4]2]1.4]2]2)
where

m 1/4
[yl14 = (Z H@Mﬁ(m)) :
i=1
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Summing up, we obtain
(Ahl(n)za - Ahz)
>kalz[3 + Ral2lf = V22vm + m®)da (|2]1 + 0]l 2

— do(V2mlzlo + [zllo(y,) 1) 1211 -

4)lzl2

Similarly, it follows from conditions (1), (II) that
(Ani ()2, 2) 2 Kal2[§ — dam(|2l2]2l0 + V2ml2l1|zlo + V2|2l o lnll2]) -
Thus,
(An1(m)z, @nz) > Kallzll5 — dam®V2(|2l0l2l2 + 2I2l0] 211 + 2|2]1]2]2
+ 2[nl1alzlalzl2 + Inlillzlle@ul2l) - 8
Now we estimate the scalar prodyet;»(n)z, ®,2). We have

Ana(n ——Z[ (8“” daij(@n)g . z>+ai<aa”§§’m3jn-zﬂ

7,0=1

ob(z,n)
+ ou

Using the Leibniz formula, we get

Apa(n =—Z{aa”” 0@y - 2) + B:(0ym - 2)]

4,j=1

+0; <aa”a(zn)> @:n - 2)* + 3, (W) (@im - Z)—lz}

ob(x,n)
+ ou nz

With the help of the mean-value theorem we obtain

| (Ana(n)2,®52) |

<dgm®V2|z]s| 14+ 12l e (Inlo + Inlx + Inl2 + 013 4)]

+dam®V2| 2llce,) (1210l + 12lo(nlo + Inly + ]2 + 0] 4)] -
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Thus,
(A}, (n)z, ®r2)
= (Am(??)z + Apa(n)z, <I>hz)
> Kallz[13 — dam® V2|22 [3]z[1alnlia + 1 2llegn) (1lo + [l + 1]z + 113 .4)]
— dam®V2(|zlo|z]o + 2| 2l0lzh + 2[z[1]2]2 + 2|2l oy 2110k
+ ||ZHC(Qh)’Z\0(’77\0 + 01+ nl2 + !?7’%,4)} .
Further, using Theorem 1 and Corollary 1, we get
(A;l(n)z,tI)hz)
> Kallz]13 — cdallzll2]|2ll25 ([1nll2 + [I7113)
= dem®V2[|I2lloll2ll2 + 2[lzllol1zll1 + 2]l 1 2ll2 + el 2l [l Il
+cllzllallzllo (lnll2 + lIn112)] ,

wherec = const> 0, 8 = 3 form = 2, 8 = I for m = 3. Here we used the
inequalities

1059l L) < cllyllz i=1,...,m; m=23;
Iyllc@,) < cllyllz, m=2,3,

which follow from Theorem 1 and Corollary 1.
Using inequality (2) with|n||2 < a, we get

(45(n)2, @rz) 2[ka — cdae’ P (a + a®)]||2]3 — dubm* V212122
—eda(a+a?)(L+e )|zl ]2z

Choosing:s > 0 so that

cdoet™P(a + a*) = %,

we obtain -
(A= z) = 1213 — callzlh ]2
where
B/(6-1) _
Cq = da(5m2\/§+ cla+a?)) + (%) [da(a+ a2)}1/(1 A
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From (5) it follows that
K,
(Any = Anv, ®aly = v)) = Tt lly = vll3 = cally = vll2lly = vllr,

i.e. (3) holds. Together with (1) this implies (4).
The next theorem shows that £ contains no mixed derivatives, then the
corresponding operatot,; (see (6)) is invertible.

Theorem 3.In case of the difference operator

m

1

Zhy = _5 Z [a (azz(x y)a )+a (azz(wvy)azy)] + b(x7y)y7
=1

y € H*(Q,),

under conditiongl), (1), the following inequality holds

K2

2(\/%—:4_7_&)||Z||2a ()]

20 € H* (), max ([0l [n]2) < a,

I An1(m)2[lo =

where(cf. (6))

—_

*Z azz x 77 ) +gz(au(x7n)8zz)} +b($)77)za
=1

l\')

T = do(5m>*V2 + ca) + ( 5 )5/(5 ) (cdaa)l/(lfﬁ),
0= % for m=2, 8= g for m = 3, cis a positive constant.
Proof. From inequality (8) and Corollary 1 witly||2 < a we get
(Zhl (n)z, Cbhz)
> (kg — cadee™P)||2|3 — dall2]2]|2]1 (5Bm*V2 + ca + cas™?) .

Let us denote
o = do(5m*V2 + ca + caafﬁ) ,
where we choose > 0 so that

_ K
cadee' P = ?a

Thus B .
(Ani(n)z, ®pz) > fHZI\% — 7allzll2ll2 (1 5
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which together with (1) implies

[ Ani(n)zllo > (10)

|zl — <2
Using the formula of summation by parts and (1), we get
(A (m)z, 2) > Kallzl7 -

Consequently, -

[An1(n)zllo > Kall2]l1
or .

el < =)zl

Now it follows from (10) that

Ka — T, 1 —
zllo < ||A zllo + —=—1||A z
o757l < 1A (m)zllo + 75— A ()=l
\/§m+7'—
= = Al
a

Theorem 3 is proven.

It should by noted that in case of the Dirichlet boundary value problem the
result like (9) is valid also for the finite difference operator (6) (s8¢ With
mixed differences. In%%] one can find the coercivity inequalities for linear finite
difference operators. The coercivity inequalities for the finite difference operator,
which approximates a nonlinear monotone elliptic operator, can be fould]in [
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KOERTSITIIVSUSE VORRATUS KVAASILINEAARSE
DIFERENTSOPERAATORI JAOKS

Malle FISCHER

On vaadeldud teist jarku kvaasilineaarse diferentsiaaloperaatori Neumanni
rajallesande diskreetset analoogi kahe- ja kolmem&6tmelises Uhikkuubis. Nime-
tatud operaatori jaoks on tdestatud koertsitiivsuse vdrratus, kusjuures kolme-
dimensioonilisel juhul kehtib tulemus vaid siis, kui diferentsiaaloperaator ei sisalda
segaosatuletisi.
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