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Abstract. A submanifold generated by plane leaves of codimension two in a Euclidean space
is, in general, intrinsically a Riemannian manifold of conullity two. All such manifolds
have been classified into four classes: planar, hyperbolic, parabolic, and elliptic, i.e. having,
respectively, infinitely many, two, one, or no real intrinsically asymptotic distributions. It
is proved that if such a submanifold is semiparallel and intrinsically a manifold of conullity
two, then it must be planar. This verifies, for the case considered here, a conjecture that a
semiparallel submanifold, which is intrinsically of conullity two, must be planar. Validity
of this conjecture has been established previously by the author for the three-dimensional
semiparallel submanifolds.

Key words: Riemannian manifolds of conullity two, asymptotic foliations, semiparallel
submanifolds.

1. INTRODUCTION

Let En be ann-dimensional Euclidean space andMm anm-dimensionalC∞

submanifold inEn, generated by(m− 2)-dimensional planes ofEn. Intrinsically
thisMm is a Riemannian manifold of conullity two (in the sense of [1]), i.e. foliated
by Euclidean leaves of codimension two. (These leaves are, of course, the generator
(m − 2)-planes of the considered submanifold.) The Riemannian manifolds of
conullity two constitute a particular class of semisymmetric Riemannian manifolds
characterized by the conditionR(X, Y ) ◦ R = 0 and classified in [2]; hereR is
the curvature tensor of the manifold andR(X, Y ) is the corresponding curvature
operator for arbitrary two vector fieldsX andY acting on this tensor.
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In the geometry of submanifolds inEn there exists a class of semiparallel
submanifolds characterized by the condition̄R(X, Y ) ◦ h = 0, where R̄ is
the curvature tensor of the van der Waerden–Bortolotti connection∇̄ (the pair
consisting of the Levi–Civita connection∇ and normal connection∇⊥) andh is
the second fundamental form. It is known that every semiparallel submanifold
is intrinsically a semisymmetric Riemannian manifold (see [3,4]), but there exist
intrinsically semisymmetric not-semiparallel submanifolds.

The aim of the present paper is to investigate the submanifoldsMm generated
by (m − 2)-dimensional planes ofEn, which are semiparallel at the same time.
In [5] the following conjecture is formulated:If a semiparallel submanifoldMm

in En is intrinsically a Riemannian manifold of conullity two, then it can be only
planar (according to the classification given in [1,6,7]). This conjecture arose in
the study of the three-dimensional semiparallel submanifoldsM3 in En and was
confirmed for this case ofm = 3 and arbitraryn in [5].

Below (Theorem 3) it will be shown that this conjecture is true also for the
semiparallel submanifoldsMm, generated by(m − 2)-dimensional planes ofEn;
herem andn can be arbitrary (of course,n > m).

2. SUBMANIFOLDS Mm WITH GENERATOR (m − 2)-PLANES

If an m-dimensional Riemannian manifoldM is immersed isometrically into a
Euclidean spaceEn as a submanifoldMm of En, then the derivation formulae

dx = eIω
I , deI = eJωJ

I , ωJ
I + ωI

J = 0

and structure equations

dωI = ωJ ∧ ωI
J , dωJ

I = ωK
I ∧ ωJ

K

for the bundleO(En) of orthonormal frames(x; e1, ..., en) in En can be used for
the subbundleO(Mm, En) of frames adapted toMm, so thate1, ..., em are tangent
andem+1, ..., en normal toMm atx ∈ Mm, and imply

ωα = 0, ωα
i = hα

ijω
j , (1)

wherei, j, ... run over{1, ...,m} andα, β, ... run over{m + 1, ..., n} (see, e.g.,
[4], Sections 1 and 2). Note that herex denotes both the point and its radius
vector, anddx for this vector does not depend on the origin point, buthα

ij are the
components of the second fundamental (mixed) tensor, symmetric with respect to
i, j. By means ofhα

ij the vector valued second fundamental tensorhij = eαhα
ij can

be introduced. For two tangent vectorsX = eiX
i andY = ejY

j in TxMm the
second fundamental formh is determined byh : (X, Y ) 7−→ h(X, Y ) = hijX

iY j .
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Due to (1) dei = ejω
j
i + hijω

j , where ωj
i are the connection 1-forms

of ∇. For a tangent vector fieldY from heredY = ej∇Y j + hjkY
jωk with

∇Y j = dY j + Y iωj
i . For dx, collinear to a tangent vector fieldX whenωk are

proportional toXk, this gives the Gauss formula (see, e.g., [8])

dXY = ∇XY + h(X, Y ). (2)

In the extrinsic geometry of a submanifoldMm in En two tangent directions
atx ∈ Mm determined byX andY are said to beconjugateif h(X, Y ) = 0. Two
vector subspaces∆1 and∆2 of TxMm are said to be conjugate if each direction
of the first subspace is conjugate to each direction of the second subspace, i.e. if
h(X, Y ) = 0 for everyX ∈ ∆1 andY ∈ ∆2. A vector subspace∆ in TxMm is
said to beasymptotic(extrinsically) if it is self-conjugate, i.e. ifh(X, Y ) = 0 for
every twoX, Y ∈ ∆ (see, e.g., [9,10]).

Let the submanifoldMm in En be generated by(m− 2)-planes. Let the frame
from O(Mm, En) be adapted further so thateu (u, v, ... = 3, ...,m) belong to the
(m − 2)-plane throughx ∈ Mm. Then these planes are the leaves of the foliation
determined by the differential systemωa = 0 (a, b, ... = 1, 2). Therefore

deu = eaω
a
u + evω

v
u + huaω

a + huvω
v, (3)

considered by mod{ω1, ω2}, must be expressed only bye3, ..., em, thus

ωa
u = Aa

ubω
b, huv = 0. (4)

Here the equalitieshuv = 0 show that every generating(m − 2)-plane has the
asymptotic direction.

Let Gm−2(En) be the Grassmann manifold of all(m− 2)-dimensional planes
in En. If a submanifoldMm in En is generated by(m − 2)-planes, then it
can be considered as an image inEn of a two-dimensional submanifoldGM2 of
Gm−2(En). Every curve (i.e. one-dimensional submanifold) inGM2 determines a
“ruled” submanifoldMm−1 of Mm, formed by(m− 2)-plane generators ofMm.
Among such “ruled”Mm−1 there can be the “developable” ones, characterized by
the property that the tangent(m− 1)-plane ofMm−1 at an arbitrary pointx of an
arbitrarily fixed generator(m− 2)-plane, spanned byx andTxMm−1, is the same
for all these pointsx.

Let us consider a “ruled”Mm−1 and let its tangent(m − 1)-planeTxMm−1

be spanned by the pointx and the unit vectorse3, ..., em, e = e1 cos ϕ + e2 sinϕ.
Along this Mm−1, dx = e1ω

1 + e2ω
2 + euωu must be expressed only bye

and alleu, therefore the vectorse1ω
1 + e2ω

3 ande must be collinear. Thus there
exists a non-vanishing 1-formθ, so thatω1 = θ cos ϕ, ω2 = θ sinϕ, and hence
dx = eθ + euωu. Let us introduce the other unit vectore⊥ = −e1 sinϕ+ e2 cos ϕ,
orthogonal toe. For thisMm−1, due to (2) and (3),
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deu = evω
v
u + eBuθ + e⊥Cuθ + θ(hu1 cos ϕ + hu2 sinϕ),

de = −
∑

u

euBuθ + e⊥(ω2
1 +dϕ)+(h11 cos2 ϕ+2h12 cos ϕ sinϕ+h22 sin2 ϕ)θ

+
∑

u

(hu1 cos ϕ + hu2 sin ϕ)ωu,

where
Bu = A1

u1 cos2 ϕ + (A1
u2 + A2

u1) cos ϕ sinϕ + A2
u2 sin2 ϕ

and
Cu = A2

u1 cos2 ϕ + (A2
u2 −A1

u1) cos ϕ sinϕ−A1
u2 sin2 ϕ.

Let us fix the pointx ∈ Mm−1. Thenθ = ωu = 0 for all values ofu, but
deu andde must be then some linear combinations of onlyev ande. This leads to
ω2

1 + dϕ = γθ + γuωu.
Let the “ruled” Mm−1 be a “developable” one. ThenTxMm−1 must be

invariant along every generator(m − 2)-plane determined by the equationθ = 0.
This equation yieldsde = e⊥γuωu +

∑
u(hu1 cos ϕ + hu2 sinϕ)ωu, so the

invariance above is equivalent toγu = 0 andh(eu, e) ≡ hu1 cos ϕ+hu2 sinϕ = 0.
Here the last relation shows that the(m − 2)-direction of the plane generator and
orthogonal to it 1-direction on this “developable”Mm−1 are conjugate with respect
to the consideredMm with generator(m− 2)-planes.

Intrinsically thisMm with generator(m− 2)-planes is a Riemannian manifold
of conullity two and these generators are its locally Euclidean leaves, but∇ is the
Levi–Civita connection of this manifold. A “ruled”Mm−1, whoseTxMm−1 is
parallel alongMm−1 with respect to∇, is said to beasymptotic(intr.) in the inner
geometry of such aMm (see [1,6,7]). Since

∇eu = evω
v
u + eBuθ + e⊥Cuθ, ∇e = −

∑
u

euBuθ + e⊥(γθ + γuωu),

due to the Gauss formula (2), a “ruled”Mm−1 is asymptotic (intr.) if and only if
Cu = 0 andγ = γu = 0. Here the first condition can be represented as

A2
u1 cos2 ϕ + (A2

u2 −A1
u1) cos ϕ sinϕ−A1

u2 sin2 ϕ = 0

or, equivalently, as

A2
u1(ω

1)2 + (A2
u2 −A1

u1)ω
1ω2 −A1

u2(ω
2)2 = 0, (5)

but the other conditions implyω2
1 + dϕ = 0.

Note that Eqs. (4) and (5) differ from the corresponding equations in [1] only
by denotations: in [1] instead ofA1

u1, A
1
u2, A

2
u1, A

2
u2 there are usedau, bu, cu, eu.
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Moreover, the addition “(intr.)” is not used in [1]; here it is needed to avoid
confusing withasymptotic(extr.), explained above.

In [1,6,7] the Riemannian manifolds of conullity two are divided into three
classes according to the number of solutions of Eq. (5). If Eq. (5) has infinitely
many, two, one, or no real solutionsω1 : ω2, this manifold is, respectively, of
theplanar, hyperbolic, parabolic, or elliptic type. For instance, the planar type is
characterized by

A2
u1 = A1

u2 = 0, A1
u1 = A2

u2. (6)

3. ADDITION OF THE SEMIPARALLELITY CONDITION

For a general submanifoldMm in En the curvature 2-forms of∇ and∇⊥ are
determined, respectively, byΩij = −Rij,klω

k ∧ ωl andΩαβ = −Rαβ
kl ωk ∧ ωl,

whereRij,kl = 〈hi[k, hl]j〉 andRαβ
kl =

∑
i h

α
i[kh

β
l]i are the curvature tensors of∇

and∇⊥, respectively.
For aMm in En the semiparallelity condition̄R(X, Y ) ◦ h = 0 in a more

explicit form is ∑
p

(Ωiph
α
pj + Ωjph

α
ip)−

∑
β

Ωαβhβ
ij = 0, (7)

which after substitutions reduces to∑
p

(Hi[k,l]phpj + Hj[k,l]phip −Hij,p[khl]p) = 0, (8)

whereHik,lj = 〈hik, hlj〉 (see [4]).
For the consideredMm with generator(m− 2)-planes inEn the condition (8)

by (k, l) = (a, u) reduces to∑
p

[(Hia,up −Hiu,ap)hpj + (Hja,up −Hju,ap)hip −Hij,pahup + Hij,puhap] = 0,

and this by (i, j) = (v, w) gives, due to (4),∑
b

(Hva,ubhwb + Hwa,ubhvb) = 0.

Using the last condition byu = v = w leads to the system of two equations

〈hu1, hu1〉hu1 + 〈hu1, hu2〉hu2 = 0, (9)

〈hu2, hu1〉hu1 + 〈hu2, hu2〉hu2 = 0. (10)

Here the following lemma can be used.
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Lemma 1. If in a real Euclidean vector space some two vectorsp and q satisfy
simultaneously〈p, p〉p + 〈p, q〉q = 0 and〈p, q〉p + 〈q, q〉q = 0, thenp = q = 0.

Proof. Every two vectorsp andq lie in a two-dimensional vector subspace. The
orthonormal basis in this subspace can be chosen so thatp = (p1, 0), q = (q1, q2).
The two conditions above are

p2
1(p1, 0) + p1q1(q1, q2) = 0, p1q1(p1, 0) + (q2

1 + q2
2)(q1, q2) = 0.

For the second coordinates this means thatp1q1q2 = (q2
1 + q2

2)q2 = 0 and leads to
q2 = 0, but for the first coordinates then(p2

1 + q2
1)p1 = (p2

1 + q2
1)q1 = 0, therefore

p1 = q1 = 0.

Theorem 2. If a submanifoldMm with generator(m − 2)-planes inEn is
semiparallel, then its tangentm-planes along each of its(m− 2)-plane generators
coincide, so that the tangent plane of thisMm depends on no more than two
parameters.

Proof. Indeed, then the system of Eqs. (9) and (10) must be satisfied, but this due
to Lemma 1 leads tohua = 0. Now

dea = −
∑

u

Aa
ubω

beu + ωb
aeb + habω

b, (11)

deu = evω
v
u + Aa

ubω
bea; (12)

the latter due to (3) and (4). This shows that both subspaces ofTxMm, spanned
onea (a, b, ... run over{1, 2}) and oneu (u, v, ... run over{3, ...,m}) are invariant
along each of the generator(m− 2)-planes, which are determined byωb = 0.

Note. The equalityhua = 0 shows that the last two subspaces, one tangent
to the generator(m − 2)-plane, the other orthogonal to it in the tangent vector
spaceTxMm of the submanifoldMm considered in Theorem 2, have conjugate
directions.

The main result of the present paper is the following statement.

Theorem 3. If a semiparallel submanifoldMm with generator(m − 2)-planes in
En is intrinsically a Riemannian manifold of conullity two, then it is of the planar
type.

Proof. Let us use exterior differentiation in (1). This yields

(dhα
ij − hα

kjω
k
i − hα

ikω
k
j + hβ

ijω
α
β ) ∧ ωj = 0

and thus, due to Cartan’s lemma,

dhα
ij − hα

kjω
k
i − hα

ikω
k
j + hβ

ijω
α
β = hα

ijkω
k,
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wherehα
ijk are symmetric with respect toi, j, k. (The last statement is the famous

Peterson–Codazzi identity; see [11,12].)
Forhij = eαhα

ij andhijk = eαhα
ijk one obtains

dhij = −
∑

k

ek〈hij , hkl〉ωl + hkjω
k
i + hikω

k
j + hijkω

k.

Since huv = hua = 0 for the considered here submanifoldMm, this gives
by (i, j) = (u, v) and by(i, j) = (u, a), respectively,huvw = huva = 0 and
−hacω

c
u = huabω

b. Thushuab = −hacA
c
ub, due to (4), and from here, due to

symmetry,hacA
c
ub = hbcA

c
ua, wherea, b, c run{1, 2}. Therefore

h11A
1
u2 + h12(A2

u2 −A1
u1)− h22A

2
u1 = 0. (13)

Suppose that span{h11, h12, h22} has the maximal possible dimension 3 at
every pointx ∈ Mm. Then (13) yields (6), and thusMm is of the planar type,
indeed. Therefore only the cases when this span has the dimension≤ 2 need
further analysis.

If this dimension is 0, the submanifoldMm is totally geodesic. Thus it is an
open part of anm-dimensional plane and not of conullity two.

Let this dimension be 1. Then each of the vectorshab has only one coordinate
and the symmetric matrix of these coordinates can be diagonalized by a suitable
orthogonal transformation of{e1, e2}. (Note that the relations (4) are invariant with
respect to this transformation; this is seen also from the fact that these relations have
pure geometric meaning.) After that Eqs. (1) are

ωα = 0, ωm+1
1 = κ1ω

1, ωm+1
2 = κ2ω

2, ωξ
a = ωα

u = 0,

whereξ runs over{m + 2, ..., n}. By exterior differentiation from here

(dκ1 + κ1A
1
u1ω

u) ∧ ω1 + [(κ1 − κ2)ω2
1 + κ1A

1
u2ω

u] ∧ ω2 = 0,

[(κ1 − κ2)ω2
1 + κ2A

2
u1ω

u] ∧ ω1 + (dκ2 + κ2A
2
u2ω

u) ∧ ω2 = 0.

The semiparallelity condition (8) reduces to(κ1−κ2)κ1κ2 = 0. Hereκ1κ2 = 0
leads toΩ12 = 0; moreover, due tohuv = hua = 0 alsoΩuv = Ωua = 0, so that
Ωij = 0 and thusMm is intrinsically locally Euclidean and not of conullity two.
Thereforeκ1 = κ2 = κ 6= 0, and the exterior equations reduce to

(dlnκ + A1
u1ω

u) ∧ ω1 + A1
u2ω

u ∧ ω2 = 0,

A2
u1ω

u ∧ ω1 + (dlnκ + A2
u2ω

u) ∧ ω2 = 0.

From here

dlnκ + A1
u1ω

u = Pω1, A1
u2 = A2

u1 = 0, dlnκ + A2
u2ω

u = Qω2.
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ThusA1
u1 − A2

u2 = P = Q = 0, and comparison with (6) shows thatMm is
intrinsically of conullity two of the planar type.

Let the dimension of span{h11, h12, h22} be 2. The orthonormal frame can be
further adapted toMm, taking em+1 andem+2 as belonging to this span. After
that hξ

ij = 0 for ξ ∈ {m + 3, ..., n} and thus amongΩαβ only Ωm+1,m+2 =∑
i h

m+1
i[k hm+2

l]i ωk ∧ ωl can be non-zero.
Summing in semiparallelity condition (7) byi = j gives, due to symmetry of

hij and antisymmetry ofΩij ,
∑

β ΩαβHβ = 0, whereHβ = 1
m

∑
i h

β
ii are the

components of the mean curvature vectorH of Mm. For the considered case this,
due to antisymmetry ofΩαβ , reduces to

Ωm+1,m+2Hm+2 = 0, Ωm+1,m+2Hm+1 = 0.

The semiparallel submanifold inEn is minimal (i.e. hasH = 0) only if it is an
open part of a plane and thus is not of conullity two (see [13] and [4], Section
8). Therefore here only the case whenΩm+1,m+2 = 0 is possible. This leads to
the consequence that the matrices‖hm+1

ab ‖ and‖hm+2
ab ‖ commute and therefore

can be diagonalized simultaneously by a suitable orthogonal transformation of
{e1, e2}. After that hab = kaδab and the semiparallelity condition (8) reduces
to (k1 − k2)〈k1, k2〉 = 0. Herek1 − k2 = 0 is impossible for the considered case
(because the dimension of span{k1, k2} is 2), therefore〈k1, k2〉 = 0, soΩ12 = 0.
Moreover,Ωuv = Ωua = 0 due tohuv = hua = 0, so that the submanifoldMm is
locally Euclidean and cannot be of conullity two.

Theorem 3 is proven.

This theorem confirms once more the conjecture formulated in the Introduction.
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2-KODIMENSIONAALSETE TASANDILISTE MOODUSTAJATEGA
SEMIPARALLEELSED ALAMMUUTKONNAD EUKLEIDILISES

RUUMIS

Ülo LUMISTE

On tõestatud, et kui 2-kodimensionaalsete tasandiliste moodustajatega alam-
muutkond eukleidilises ruumis on semiparalleelne ja sisegeomeetriliselt konulli-
lisusega 2, siis ta on planaarne, s.t. tal on lõpmata palju sisegeomeetriliselt
asümptootilisi foliatsioone.
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