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Abstract. Properties of the sets of left, right, and two-sided topologically quasi-invertible elements, topological spectra, and
topological spectral radii of elements in (not necessarily unital or commutative) topological algebras are studied. We prove the
spectral mapping theorem for the topological spectrum of elements in commutative complex (not necessarily unital) topological
algebras and show that the topological spectral radius (as a map) is a submultiplicative seminorm in a topological algebra with a
functional topological spectrum.
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1. INTRODUCTION

First of all we introduce all the notions that will be used later on.

1.1. A topological algebra A is a topological linear space over the field K (where K is R or C) with an
associative separately continuous multiplication that turns A into an algebra over K.

An element x € A is left (right) quasi-invertible in A if there exists an element y € A (respectively, z € A)
such that yox = y+x — yx = 0, (respectively, xoz = x+z—xz = 04). Here and later on, we denote the zero
element in A by 64. An element x € A is quasi-invertible if it is left and right quasi-invertible. The set of all
left (right) quasi-invertible elements in A is denoted by Qinv,(A) (respectively, by Qinv,(A)) and the set of
all quasi-invertible elements in A by Qinv(A).

An element x € A is topologically left (right) quasi-invertible in A if there exists a net (y3)iea
(respectively, (zy)uca) of elements of A such that (yj 0x)yca (respectively, (xozy)uea) converges to zero
in A. An element x € A is topologically quasi-invertible if it is topologically left and right quasi-invertible.
The set of all topologically left (right) quasi-invertible elements in A is denoted by Tqinv,(A) (respectively,
by Tqinv,(A)) and the set of all topologically quasi-invertible elements in A by Tqinv(A).

Let A be a topological algebra with unit e. The set of all invertible elements in A is denoted by Inv(A).
Then {e¢} — Qinv(A) = Inv(A). Similar equalities hold for left and right invertible elements, quasi-invertible
elements, topologically invertible elements, and so on.
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A topological algebra A is a Q-algebra if the set Qinv(A) is open in A, and A is a T Q-algebra if the set
Tqinv(A) is open in A. The left (right) T Q-algebra is defined in a similar way. In particular, when

Tqinv,(A) = Qinv,(4) (Tqinv,(4) = Qinv, (4))
A is a left (respectively, right) advertive algebra and an advertive algebra, when
Tqinv(A) = Qinv(A).

Remark. We know that every Q-algebra is a T Q-algebra (see [1], Proposition 2). But the converse is not
true in general, for example: Let A = C[t] be the unital algebra of all polynomials in [0, 1] with complex
coefficients endowed with the algebra norm

n n
P—|P||=Y la;| with P(t) =Y a;t’
i=0 i=0

for each 7 € [0,1]. Then A is a T Q-algebra that is not a Q-algebra (see [5] or [6], p. 73).
1.2. Let A be a topological algebra and x € A. The spectrum of x is defined by

sp(x) = {A € C\{0} : A~'x £ Qinv(A)} U{0};
the left (right) spectrum of x by

spr(x) = {4 € C\{0} : A~ 'x ¢ Qinv,(A)} U{0}

(respectively, by sp,(x) = {4 € C\{0}: 2~ 'x ¢ Qinv,(4)} U{0});
the ropological spectrum of x by

sp'(x) = {A € C\{0} : A~'x ¢ Tqinv(4)} U {0},
and the left (right) topological spectrum of x by
spy(x) = {4 € C\{0} : 2™ 'x ¢ Tqinv,(4)} U{0}

(respectively, sp’.(x) = {1 € C\{0} : A~ 'x ¢ Tqinv,(4)}U{0}).

It is clear that sp’(x) C sp(x).
Moreover, the spectral radius of x is defined by

r(x) =sup{|A|: A €sp(x)};
the left (right) spectral radius of x by
ry(x) =sup{|A|: A €spe(x)} (respectively,r.(x) =sup{|A]|: A € sp,(x)}),
the topological spectral radius of x by
¢ (x) = sup{|A|: 1 € sp' (1)}
and the left (right) topological spectral radius of x by
t)(x) = sup{|A|: X € sp}(x)} (respectively, r’.(x) =sup{|A|: A € sp.(x)}).

Then ' (x) < r(x) for each x € A.
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1.3. For every topological algebra A the set of all non-zero multiplicative linear functionals on A is denoted
by m*(A) and the set of all continuous elements in 772*(A) by m1(A).

Let A be a topological algebra such that the set 772(A) is not empty and X denote the Gelfand transform of
x, that is X(f) = f(x) for each f € m(A). Then x(m(A)) C spj(x), x(m(A)) C sp}.(x), and X(m(A)) C sp'(x)
for each x € A. We say that A has a functional left (right or two-sided) topological spectrum if X(m(A)) =
sp}(x) (respectively, x(111(A)) = sp).(x) or x(m(A)) = sp’(x)) for each x € A.

1.4. When the underlying topological linear space of a topological algebra A is locally pseudoconvex, then
A is called a locally pseudoconvex algebra. In this case A has abase {U), : A € A} of neighbourhoods of zero
consisting of balanced (that is, uU, C U, whenever |u| < 1) and pseudoconvex (that is, Uy + U, C uU,,
for some (> 2) sets.

It is well known (see [8], p. 6) that the topology of a locally pseudoconvex algebra A can be given by
means of a family P = {p; : A € A} of k3 -homogeneous seminorms (that is, p (ax) = |¢t|** p; (x) for each
o € K and x € A), where k) € (0,1] for each A € A. In case every p; € P is submultiplicative (that is,
pa(xy) < pa(x)pa(y) for each x,y € A), A is called a locally m-pseudoconvex algebra.

1.5. A regular left (right) ideal of A is a left (respectively, right) ideal / of A for which there exists an element
a € A such that xa — x € I (respectively, ax —x € I) for all x € A and a two-sided ideal I of A is regular if
ax—x € I and xa —x € I for all x € A. Note that a two-sided ideal / is regular if the quotient algebra A /I has
[a] = a+1 as a unit element. In these cases a is a unit modulo I.

1.6. In this paper, we will study the properties of left, right, and two-sided topologically quasi-invertible
elements;

left, right, and two-sided topological spectra of an element; and left, right, and two-sided topological
spectral radii of an element in (not necessarily unital or commutative) topological algebras. We show that
(a) the sets Tqinv,(A), Tqinv,(A), and Tqinv(A) are Gg-sets in F-algebras; (b) if A is a commutative complex
(not necessarily unital) topological algebra, then the topological spectrum of an element has the spectral
mapping property; (c) if every element in topological algebra A has a functional topological spectrum, then
the topological spectral radius (as a map) is a submultiplicative seminorm on A; and (d) A is a Q-algebra if
and only if A is a T Q-algebra and sp(a) = sp’(a) for each a € A\ Qinv(A).

2. PROPERTIES OF Tqinv(A), Tqinv,(A), AND Tqinv(A) FOR AN F-ALGEBRA A

Let A be an F-algebra (a complete and metrizable algebra) with F-norm || - ||, i.e. with a function x — ||x||
on A such that
1: ||x|| > O for each x € A, and ||x|| = 0 if and only if x = 64;

2 oy < ||+ [y for all x,y € 4;
3: (A,x) — ||Ax]| is a jointly continuous map from K x A to R*.

We define

' . .
8¢(x) = influox|| = inf lu+x — x|

and
t s f 1 f _
8r(x)—bltfelAHx°“H—;QAHX"‘“ xul|

for each x € A. Then
Tqinv,(A) = {x €A : g\(x) =0} and Tqinv,(A) = {x €A : g.(x) = 0}.

Indeed, if x € Tqinv,(A), then there is a sequence (i, ),en in A such that (u, 0 x),cn converges to 64. Since
the F-norm is a continuous map, (||u, o x||),en converges to 0. Hence gj(x) = 0.
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Let now x € A be such that gj(x) = 0. Then for each n € N there is an element u, in A such that
0 < |luyox|| < . Therefore, |lu,ox| converges to 0. This means that (u, o x),en converges to 6.
Consequently, x € Tqinv,(A).

Similarly, we can show that Tqinv,(A) = {x € A : g.(x) =0}.

Lemma 1. Let (A, || - ||) be an F-algebra. Then the sets
Spa={x€A:gi(x) <A} and S;; ={xcA:g(x) <A}
are open for any A > 0.

Proof. Letx € A, A > 0 and gj(x) < A. By definition of g/ (x), there is z € A such that |[zox|| < A and so
there is € > 0 such that
lzox|| <e<A.

By the continuity of quasi-multiplication, there is a positive & such that || (zox) — (zoy)|| < A — & whenever
||x —y|| < 8. This implies that

lzoyll < l(zoy) = (zox)[[+[[(zox)[| <A —e+e=A

for every x and y in A such that ||x — y|| < 8, which implies that the set {y : ||x—y|| < 6} C S 5. Therefore,
S} 5 is open. '

Similarly, we can show that §! , is open. O

Corollary 1. Let A be an F-algebra. Then the set
St — St[’l nSi_l
is open for any A > 0.

Corollary 2. The function g}, is continuous at all points of Tqinv,(A) and g'. is continuous at all points of
Tqinv,(A).

Proof. Let xo be an element in Tqinv(A) and A > 0, then xp € S} , . Since S’f, , 1s open by Lemma 1, there

exists a neighbourhood &' (xo) of xo such that &'(xo) C S ;. Hence g’g (x) <A foreachx € O(xg). This means

that g/, is continuous at x. Since xo is an arbitrary element of Tqinv(A), g/ is continuous on Tqinv(A).
In the same way, it is easy to show that g’ is a continuous map at all points of Tqinv,(A). 0

Proposition 1. Let A be an F-algebra. Then Tqinv,(A), Tqinv,(A), and Tqinv(A) are Gg-sets.

Proof. Since

1 1
Taine,(4) = () {60 < 1 b ana Tainw, () = () {0 < 1 .
neN n neN n
Tqinv,(A) and Tqinv,(A) are Gg-sets by Lemma 1. Therefore, so is Tqinv(A) as the intersection of two
G g-sets. O

Corollary 3. Let A be an F-algebra and x° denote the quasi-inverse of x € A. If the quasi-inversion x — x°
is discontinuous in A, then Tqinv(A) \ Qinv(A) # 0.

Proof. Suppose that Tqinv(A) = Qinv(A). Then Qinv(A) is a Gs-set by Proposition 1. Since A is a complete
metric space, Qinv(A) is topologically complete and consequently, according to Theorem 14.9, p. 110 in
[9], there is on Qinv(A) an equivalent metric under which it is complete. By applying Proposition 2.1.8,
p. 76 in [4] to Qinv(A) (with its complete metric) we conclude that the quasi-inversion is continuous on
Qinv(A). O
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Corollary 4. In a very advertive F-algebra the quasi-inversion x — x° is continuous.

Corollary 5. If the quasi-inversion x — x° is discontinuous in an F-algebra A, then A has a dense proper
left and a dense proper right ideal.

Proof. By Corollary 4, there is an element
x € Tqinv,(A) N Tqinv,(A) \ Qinv(A).

Suppose that x € Qinv,(A). Then there exists an element a € A such that aox = 64. Since x € Tqinv,(A) as
well, there is a net (x ), ca in A such that (xox; ), converges to 64. Hence, (x; );ca converges to a in A
because

Xy =0640x); =aoxox); —a

and thus x € Qinv(A), which is not the case. Similarly, from x € Qinv,.(A) it follows that x € Qinv(A), which
is again impossible. Consequently,

x € (Tqinv,(A) \ Qinv,(A)) N (Tqinv,(A) \ Qinv,(A)).

This means that the left ideal Ax — A and the right ideal xA — A are dense in A. Indeed, from x € Tqinv,(A)
it follows that there exists a net (x; ), ca in A such that x; ox — 64 or (x3x —x ) cn — x. As xy € A for
each A € A, then x € Ax — A. Here U denotes the closure of any U in the topology of A. Hence, A = Ax — A,
otherwise Ax — A is a regular left ideal in A that contains the regular unit.

Similarly, we can show that xA — A = A. O

3. TOPOLOGICAL SPECTRUM OF ELEMENTS

Properties of the topological spectrum of elements for unital topological algebras are described in [2]. Now
we consider the general (not necessarily unital) case.

3.1. Properties of the (left or right) topological spectrum of elements

Let A be a topological algebra. The left (right) topological spectrum of elements of A has several properties,
similar to the left (algebraic) spectrum of elements in case of topological algebras with unity (see [2]). In
the present section we show that every topological (not necessarily unital) algebra has similar properties.

Proposition 2. Let A be a topological (not necessarily unital) algebra. The left, right, and two-sided
topological spectra sp(x), spl.(x), and sp' (x) for each x € A have the following properties:

(1) spl(px) = pspl(x), spl(ux) = pspl.(x), and sp' (ux) = usp' (x) for any x € A and u € C;

(2) spy (xy) = sp;(yx), spi.(xy) = sp;(yx) and sp' (xy) = sp’ (yx) for any x,y € A.

Proof. (1) If u =0, then these equalities hold. Let u # 0 and A € C.
Since

A € spy(ux) < pu' A € spi(x) = p(u 1) € pspy(x) < A € pspy(x)
and
pspy (x) = pspl (' (1x)) C pp ™ spl(px) = spj (po),
spy(ux) = puspy(x) foreachx € Aand u € C.
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The proof of sp’.(ux) = pusp’.(x) for each x € A and u € C is similar. Consequently, sp’(tx) = usp’(x)
foreachx € A and pu € C.

(2) We first show that xy € Tqinv,(A) if and only if yx € Tqinv,(A). For that, take xy € Tqinv,(A). Then
there exists a net (#g)gea in A such that (ug 0 xy)gea — 04 OF (Ug — UgXY) ger —> —XY-
Since

((yuax —yx) oyx)gea = (V[(tta — ttaxy)x] + yxyx) gea — y(—xy)x+ yxyx = 6y,

yx € Tqinv,(A). By symmetry, if yx € Tqinv,(A), then xy € Tqinv,(A). Hence, xy € Tqinv,(A).

Let now A € sp/(xy) \ {0}, that is, A~'xy & Tqinv,(A). Then A~'yx & Tqinv,(A). Thus, sp)(xy) C
spy (yx).

Interchanging x and y, we get the reverse inclusion. Therefore, sp),(xy) = spj(yx).

Similarly, we can show that sp’.(xy) = sp.(yx) and sp’ (xy) = sp’ (yx). O

Lemma 2. Let A and B be topological algebras and Tt a continuous homomorphism from A into B. Then
spyp(T(x)) C sppa(x), spr.p(m(x)) Cspyu(x), and spy(m(x)) C sp(x).

Proof. 1f A = 0, then the equalities hold. Let A # 0 and A € spj z(7(x)). Then A~ 7(x) € Tqinv,(B).
Therefore, 2 ~'x & Tqinv,(A). Hence, A € sp, , (x).
Similarly, spt 5 ((x)) € spl,(x) and spl(%(x)) s}, (4).

Proposition 3. Let A and B be topological algebras and © a continuous open homomorphism from A onto
B. If there exists a neighbourhood O of zero in A such that

O +kerm C Tqinv,(A)

(O +kerm C Tqinv,(A) or 0 +kerw C Tqinv(A)),
then
spyp(T(x)) = spj 4 (%)
(respectively, sp, p(7(x)) = sp, 4 (x) or sp(7(x)) = spj(x))
for each x € A.

Proof. The inclusion spj g(m(x)) C sp} 4(x) holds by Lemma 2. To prove the opposite inclusion, assume
that A ¢ sp z(7(x)) and & is the neighbourhood of zero as in the statement of Proposition 3. Therefore,
A~'n(x) € Tqinv,(B), which implies that there exists a net (x;)yea in A such that the net

(m(xy) Olilﬂ(x))ueA — 0.
Since 7 is open, 7(£) is a neighbourhood of zero in B. Hence, there exists Uy € A such that
xpoA 'xen N (n(0)) = O +kern C Tqinv,(A)
whenever 1 > [y, by the assumption. Now we fix (t; > Lo. Then there exists a net (ug)gea in A such that
(g 0 (X, ©A7'%)) er — Ba.

Consequently, A ~'x € Tqinv,(A) or A & spy 4 (x). Thus, spj 4 (x) C spj p(7(x)).
Similarly, sp; 5(7(x)) = sp; 4 (x) and as spj; (x) = spj 4 (x) Usp 4 (x), then

spp(7(x)) = spf p((x)) Usp) 5(7(x)) = spf 4 (x) Usp; 4 (x) = spj (x)

for each x € A. O
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Corollary 6. Let A be a topological algebra, I a two-sided ideal of A, and T the canonical homomorphism
from A onto A/I. If there exists a neighbourhood O of zero in A such that

O +1C Tqinv,(A)(0+1 C Tqinv,(A) or 0+1C Tqinv(A)),
then
$Pu/1(T(%)) = 8Py A (X) (5Ppp (T (x)) = 5Pl (x) 01 spy (T (x)) = sply(x)) for each x € A.

Proposition 4. Let A and B be topological algebras and T a topological isomorphism from A into B. If T(A)
is dense in B, then

Tqinv,(7(A)) = Tqinv,(B) Nm(A), Tqinv,(n(A)) = Tqinv,(B) N (A),
and Tqinv(m(A)) = Tqinv(B) N 7w(A).

Proof. Tt is easy to see that Tqinv,(7w(A)) C Tqinv,(B) Nw(A). To prove the opposite inclusion, take
y € Tqinv,(B) N (A) and let & be a neighbourhood of zero in 7(A) (then there is a neighbourhood &”
of zero in B with & = ¢’ N w(A)). Now there are x € A such that y = 7(x) and a balanced neighbourhood
0) of zero in B such that &y + 0 — 0y C 0. Since y € Tqinv,(B), there exists a net (yy)ueca in B such
that (y, oy)uea converge to zero in B. Therefore, there is an index iy € A such that y, oy € & whenever
M > Ho. Let uy € Abe such that py > po. Then y,, oy € 0. Since w(A) is dense in B there is a net (¢) qea
such that (7(ue))gea converge to y,,. Hence, there is an index o € A such that 7(ue) —yu, € €1 Whenever
o> 0.
Since

T(ug)om(x) = w(ua)—yp +7(x) +yu — Y T(x)
— 70 (1) 7 (x) + yp, 70(x)
= (ua) =y + O 0 7(x)) — (7(ue) = yu, ) 7(x)
Cﬁ1+ﬁ1—ﬁ1yCﬁ/

whenever o > ap, then (7T(ug) o 7T(x))gea converges to Oz, in T(A). Thus, y € Tqinv,(7(A)).
Similarly, we can show that Tqinv,(7(A)) = Tqinv,(B) N7 (A) and Tqinv(m(A)) = Tqinv(B)Nxw(A). O

Corollary 7. Let A and B be topological algebras and & a topological isomorphism from A into B. If
(a) Tqinv,(A), Tqinv,(A), and Tqinv(A) are open in A and 7 is an onto map
or

(b) m(A) is dense in B,
then spy, p(7(x)) = sp 4 (x), P, (7 (x)) = 5P 4 (x), and spi(7(x)) = spj (x)) for each x € A.

Proof. The inclusion spj p(7(x)) C spj 4(x) holds for each x € A (see also the proof of Lemma 2).

If A satisfies the condition (a), then by Proposition 3, the opposite inclusion also holds for each x € A,
since 7 is one to one and onto.

Let now A and 7 satisfy the condition (b), x € A and A & sp z(7(x)) \ {0}. Then A lw(x) €

Tqinv,(7(A)) by Proposition 4. Therefore, there exists a net (x)uea in A such that (7[x, o A ~1x])yen —
7(64) in w(A). Since 7! is continuous, (x, 0 A ~'x)ea converges to 6, in A. Hence, A~ 'x € Tqinv,(A),
i.e. A ¢ sp) ,(x). Consequently, sp}, ,(x) C sp} g(7(x)).

Similarly, sp; 5(7(x)) = sp 4 (x) and spp(7m(x)) = spj(x)) for each x € A. O
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Corollary 8. Let A and B be topological algebras and Tt a topological isomorphism from A into B. If T(A)
is dense in B, then

50}z (7(a)) = 59l 5 (7()), 5P x00)(T(0)) = splp(2(@)),
and. sty (1(a)) = spl(x(a).
Proof. Letac A. If A € sp), n(A)(ﬂ(a)) \ {0}, then A~'7(a) ¢ Tqinv,(7(A)). Then A ~'7(a) & Tqinv,(B)
by Proposition 4. Therefore, A € sp) z(7(a)).
Now, let 4 € spj z(7(a)) \ {0}, i.e. A~'7(a) ¢ Tqinv,(B). Therefore, A~'7(a) ¢ Tqinv,(7(A)) by
Proposition 4, which implies that A € sp’m( A)(n(a)).
Similarly, sp’r’nw(n(a)) = sp; p(7(a)) and sp?r(A)(n'(a)) = spi(m(a)) for each a € A. O

Corollary 9. Let A be a Hausdorff topological algebra, At the completion of A, and T topological
isomorphism from A into A, defined by the completion of A. If A is an algebra, then

sp, ;(7(a)) =sppa(a), sp;(t(a)) =sp;a(a), and spi(t(a)) =sp)(a)
foreach a € A.

Proof. Since A is a Hausdorff topological algebra, T(A) is dense in A. Hence, sp’eg(’c(a)) = sp} 4(a) for
each a € A by Corollary 7b. '

Similarly, we can show that sp’rg(r(a)) =sp’,(a) and sp%(r(a)) = sp/, (a) for each a € A. O

3.2. Spectral mapping property for the topological spectrum of an element

We will prove the spectral mapping theorem for the topological spectrum of an element. For that we need

Proposition 5. Let A be a commutative topological algebra, n € N, and xi,x3,....x, € A. Then
xj0xp---0x, € Tqinv(A) if and only if x; € Tqinv(A) for each 1 <i < n.

Proof. Let x =xj0oxp0---0 x, € Tqinv(A). Then there exists a net (z¢)qey in A such that (xozg)gea
converges to 64. Therefore,

(xio(x10x20---0X; 1 0X;110"-0X,02Zq))qcA

converges to zero for each i € N, = {1,2,...,n}. Now, for each fixed @ € A we put a)& = Xp0X30-+-0X,0Zq,
a)(; =X|0Xp0-+-0X;_10Xj4+]10---0x,0Z¢ foreach i with2 <i<n—2and @} =xj0x0-:-0x,_102zq.
Then for any i € N the net (x; 0 ®,)qea converges to zero. Hence, x; € Tqinv(A) for 1 <i < n.

Conversely, if x; € Tqinv(A) for any 1 <i < n, then using induction, it is sufficient to consider the case
n=2. Since x; € Tqinv(A), there exists a net (z¢)gea in A such that (x] 0z¢)gea converges to zero, so
for any (open) neighbourhood U of zero in A there is an index o € A such that x| oz, € U whenever
a > ap. Let a; € A be a fixed index such that o; > 0. Since x, € Tqinv(A), there exists a net (Vg)gea
in A such that (vg ox2)gea converges to zero. Now (Vg oxz o (x]02g,))gea CONVerges to xj 0 zq,. Since
U is a neighbourhood of x; o z4,, there exists ffy € A such that (VB 0zq)ox;oxy € U for each B > Py.
Hence, there is a net (Vg 0z, )gea in A such that ((vg 024, ) o (X1 0x2))gea converges to zero. Consequently,
x1 0xp € Tqinv(A). O

Proposition 6. Let A be a nonunital topological algebra and A the unitization of A. Then
sp4, ((a,0)) = spj(a)

foreach a € A.
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Proof. If A ¢ spj ((a,0)), then (A~'a,0) € Tqinv(A;). Therefore, there exist nets ((dg,Aq))aeca and
((bg,Ag))pen elements of A; such that

(g, Ao) © (A7 1a,0))qen converges to (64,0)

and
((l_]a,O)o(bﬁ,lﬁ))BeA converges to (6,4,0).

Since

(aasAa) o (A7'a,0) = (aa,Aa) +(A"'a,0) — (aq,Aa)(2"a,0)
= (ag+Ala—agAla— (A7 a), Ay)
= (g0 (A 'a)~ Aa(A'a), Aq)

for each & € A (similarly (A 'a,0) o (bg,Ag) = ((A'a)obg — (A ~'a)Ag,Ag) for each a € A), then
lién(aa o(A7'a) = A (A7'a)) = 64 and li&nla =0 at the same time

and
lién((/lfla) obg — (lfla)kﬁ) =04 and liénlﬁ =0 at the same time.

Hence, (aq o (A7'a))aeca and ((A~'a) o bg)pep converge to 64. This means that A~'a € Tqinv(A) or
A & spj(a). Hence, sp (a) C sp)y ((a,0)).

Let now A ¢ sp,(a). Then A~'a € Tqinv(A). Hence there are nets (aq)aea and (bg)gea in A such that
(ago (A7 "a))gen and ((A~'a) o bg)pgea converge to 64. Therefore,

((aq,0) 0 (A7'a,0))qen = (ag o (A7 'a),0)qen converges to (64,0)

and
((l_la,O)o(bﬁ,O))ﬁeA = ((l_la)obB,O)ﬁeA converges to (6,4,0).

Thus, (A7'a,0) € Tqinv(A;) or A & spy, ((a,0)). Consequently, sp)y ((a,0)) C sp(a) for each a € A.
Therefore, sp}, ((a,0)) = sp); (a) for each a € A. O

Next we will give a new proof to the result of Najmi (see [7], Lemma 2.1, p. 33).
Proposition 7. Let A be a commutative complex topological algebra. Then
sp'(p(x)) = p(sp' (x))
for any complex non-constant polynomial p and every x € A.
Proof. When A is a unital algebra, the proof has been given in [2] (see the proof of Proposition 7).

If A is not a unital algebra, we considered the unitarization A; of A. Then spj(x) = spj, ((x,0)) by
Proposition 6, which implies that

p(spa(x)) = p(sph, (x,0)) = spi, (p(x,0)) = spy (p(x))

for each x € A (see Proposition 7 in [2]). O
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3.3. Properties of the topological spectral radius

Several properties of the topological spectral radius of an element in unital topological algebras are presented
in [2]. Here we give properties of the left, right, and two-sided topological spectral radii of an element in
topological (not necessarily unital) algebras.

Proposition 8. Let A be a topological (not necessarily unital) algebra. The left, right, and two-sided
topological spectral radii ), 1\, and r' of an element have the following properties:

(1) (1) = 1] (), . (112) = | ), andl ¥ (1) = | (3) for all x € A and 1 € C
(2) 1 (xy) = 1y (yx), 13.(xy) = 1.(yx), and v’ (xy) =1 (yx) for all x,y € A;
(3) if A is commutative, then ' (x") = t' (x)" for each x € A and all n € N.

Proof. (1) Take x € A and p € C\ {0} (the case when yu = 0 is trivial). Then by Proposition 2, sp},(ux) =

uspj(x) for each u € C. Since
ry(px) = sup{|A] : A € psp(x)},
then |A| < |u|r}(x) for each A € sp)(ux) and u € C. Hence

£u) < I ) = e~ ) < ),
from which it follows that r,(ux) = |u|r}(x) forallx € A and u € C.
Similarly, we can show the rest of the relations in (1).
(2) If x,y € A, then sp’(xy) = sp’(yx) by Proposition 2, which implies that t’ (xy) =t/ (yx) for each x,y € A.
Similarly, we can show the rest of the relations in (2).
(3) If x € A and n € N, then sp’(x") = sp’(x)" by Proposition 7, which implies that r’ (x") = r’(x)" for each
x€AandallneN. O

Proposition 9. If every element of a topological algebra A has a functional left (right or two-sided)
topological spectrum, then

(1) rp(x+y) <1p(x) +1y(y) (respectively, r,(x+y) <1.(x) +1,(y) and t' (x+y) <t (x) +1'(y)) for all x,y € A;

(2) ti(xy) <1y ()1 (v) (respectively, r(xy) < 1(x)r,(y) and ' (xy) <t (x)r'(y)) for all x,y € A.

Proof. We only prove the first relations in (1) and (2). The rest of the relations can be proved similarly.

(1) Since every element of A has a functional left topological spectrum, we can present every A € sp),(x+y)
in the form A = @y(x) + @y(y) for some @y € M(A). Since [A| < |@o(x)|+ [@o(y)| < rf(x )+11( ),
condition (1) is fulfilled.

(2) Since every element of A has a functional left topological spectrum, we can present every A € sp)(xy)
in the form A = @y (x)@o(y) for some @y € M(A). Since [A| = |@o(x)| - |@o(y)| < rf(x) - }(y), condition
(2) is fulfilled. 0

Corollary 10. Let A be a topological algebra. If every element of A has a functional topological spectrum,
then the topological spectral radius is a submultiplicative seminorm on A.

Proof. By Propositions 8 and 9 the topological spectral radius is a submultiplicative seminorm on A. O

Corollary 11. Let A be a commutative Hausdorff locally m-pseudoconvex algebra. Then the topological
spectral radius is a submultiplicative seminorm on A.
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Proof. By Corollary 5.4 in [3], A is a simplicial algebra and, by Proposition 5.2 in [3], A has a functional
topological spectrum. Then the topological spectral radius is a submultiplicative seminorm on A by
Corollary 10. O

Proposition 10. A topological algebra A is a Q-algebra if and only if A is a T Q-algebra and sp(a) = sp'(a)
foreach a € A\ Qinv(A).

Proof. If A is a Q-algebra, then Tqinv(A) = Qinv(A) (see Proposition 2 in [1], p. 16). Hence, A is a
T Q-algebra and sp(a) = sp’(a) for each a € A.

Conversely, let A be a T Q-algebra and sp(a) = sp’(a) for each a € A\ Qinv(A). Then 1 € sp(a). Since
a € A\ Tqinv(A), we get Qinv(A) = Tqinv(A). Consequently, A is a Q-algebra. O

4. CONCLUSION

The spectral mapping theorem holds for the topological spectrum of elements in commutative (not
necessarily unital) topological algebras and the topological spectral radius (as a map) is a submultiplicative
seminorm in case of topological algebras with a functional topological spectrum.
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Elementide topoloogilised spektrid topoloogilistes algebrates
Mati Abel ja Yuliana de Jesus Zarate-Rodriguez
On kirjeldatud topoloogilise algebra elementide iihe- ja kahepoolsete topoloogiliste spektrite omadusi ning

ndidatud, et funktsionaalse topoloogilise spektriga topoloogilistes algebrates on elementide topoloogiline
spektraalraadius submultiplikatiivne poolnorm.



