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Abstract. We extend the results presented by Xh. Z. Krasniqi (Slight extensions of some theorems on the rate of pointwise
approximation of functions from some subclasses of L”. Acta Comment. Univ. Tartu. Math., 2013, 17, 89-101) and W. Lenski and
B. Szal (Approximation of functions belonging to the class L”(®) by linear operators. Acta Comment. Univ. Tartu. Math., 2009,

13, 11-24) to the case when a conjugate function depends on r and where in the measures of estimations r-differences of the entries
are used.
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1. INTRODUCTION

Let L” (1 < p < oo) be the class of all 2z-periodic real-valued functions, integrable in the Lebesgue sense
with the pth power over Q = |-, 7] with the norm

1/p

1= = { [ 17 P
Given a function of class L? let us consider its conjugate trigonometric Fourier series
= i (ay(f)sinvx —by(f)cosvx)
v=1
with the partial sums §k f. We know that if f € L!, then

- _7/ v, (1 cot dt lim f(x €)= hm fr(x £),

£—0

where, for r € N,
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| [r/2]—-1 2minm @2[r/2+D)x

€ -
2 + 2[r/2
“Ete A2 g

) i, (1)  cot 5dt for an odd r,

~ =
X, €)= "
r(e) N S T PR
-1 mgo fz’%”:rs V. (t) 5 cot 5dt for an even r

and f (x,€) = fi (x,€) := — L [Py (r) S cothdt, with i, () := f (x+1) — f (x—1), exist for almost all x (cf.
[5, Theorem (3.1)IV]).
Let A := (a, ) be an infinite matrix of real numbers such that

ang >0 when k,n=0,1,2,..., lima,,=0and Y a,;=1.
' noree k=0

We will use the notations A, , = Yi"_¢ |@nx — an k+r| for r € N and
j\:;Z,Af (X) = Z an,ks:kf (X) (l’l = 07 1727 )
k=0

for the A-transformation of S, f.
In this paper, we will estimate the deviation ‘Tn Af (x) —f~r(x,8)’ by the function of modulus of

continuity type, i.e. nondecreasing continuous function @ having the following properties: @ (0) = 0,
0(8+6)<o0(6)+o(8)forany 0 < 5 < & < 8 + 6 < 27. We will also consider functions from the
following subclass L” (@) of L :

LP(@)g ={f €L’ : ap(f,8),=0(®(5)) whend € [0,27] and B >0},

where

- B
an 0) = sup {fsin5[ 1w @)1}

0<r]<é

It is clear that for B > a > 0,0 f(8),, < @qf(5),, and it is easy to see that @y f (-),, = @f (-);, is the
classical integral modulus of continuity of f.
The above deviation was estimated with » = 1 in [2] and generalized in [1] as follows:

Theorem [1, Theorem 8, p. 95]. If f € L (@) with B <1 — %, where @ satisfies the conditions

{/ﬂ” (W)psinﬁp;dt}l/p:OX((n—i—l)y) (1)

/(n+1) o (1)

and

(7 () s )"0 >

with0<}/<[3+%, then

f;l,Af('x) —]7<)C, ,:.1) ’ - Ox ((n+ 1)ﬁ+%+1An71(T) <n:.[_1)> .

In our theorems we generalize the above results using f, (x, €) with r € N instead of f; (x,€) = f (x, €).
In the paper Y'?_ =0 when a > b.




52 Proceedings of the Estonian Academy of Sciences, 2018, 67, 1, 50-60

2. STATEMENT OF THE RESULTS

First we will present the estimates of the quantity T"n Af(x)— fr(x,€)|. Finally, we will formulate some

remarks and corollaries.

Theorem 1. Ler f € L7, 0<fB <1— % and let a function of modulus of continuity type @ satisfy the

conditions: forr € N
. B\ P 1/p
r(n+1) t|w_x )| ‘Sll’l rt‘ —1
~ = Ux 1 )
{/O ( 50 dt o ((n+1)7) 3)

P 1/p
M+rn+1 |ll/x )HSIH%"IE

where m € {1, [%]} when r is an odd natural number or m € {1, [g] — 1} when r is an even natural
number, and for r € N

for anatural r > 3

mx | & 1/p
" |y, tHsm”‘ﬁ
UL b =0, ((n+1)7), 5
" (6@)&—2”:”)? (st o
1717[_,’_ T

r(n+1)

with 0 <y<f —|— ~, where m € {0 [ ] } when r is an odd natural number or m € {0 [%] — 1} when r
is an even natural number Moreover, let @ satisfy, for a natural r > 2, the conditions:

2(m+1)m B v

sin

| W iy =0,), (6)
~ m
wming x \@ <f 4)
r r(n+1)
2m+l)r g P l/p
T r(n+1) : B
t)||sin 2

|y (1) [sin | dt =0 ((n+1)7), 7

~ 2(m+1)7 Y
2(m+)r (J)(t)( ( r ) _t>

r r

with0 <y< B+ é, where m € {0,... [5] - 1} . If a matrix A is such that

n r+l—1 -1
[Z )y an,k] =o(1) @®)

=0 k=I

and

oo

Y (k+1D’ay=0((n+1)) )

k=0

are true for r € N, then

Touf (x)— fr (x, r(ni 1)> ‘ =0, ((n+ P A, <nil>) .
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Theorem 2. Let f € L7, 0<B <1— % and let a function of modulus of continuity type @ satisfy, for r € N,

the conditions: 1/
2m7[ rt ﬁ P
r r n+l | lllx | | Sln ‘
ARAAAS D N I =0«(1), 10

r

and (5) with 0 <y < ﬁ—i-f where m € {0 [ ]} when r is an odd natural number or m € {O [f] — 1}

when r is an even natural number Moreover, let ® satisfy for natural r > 2, the conditions (6) and (7) with
O<y<B+ % where m € {0,... [§] — 1} . If a matrix A is such that (8) and

oo

Y (k+1)an=0(n+1) (11)
k=0

are true for r € N then

Taf 0 (55 )| =0 (P e (7))

We can observe that if f € L (@)4 and

6 B P
0/(5‘@) du=0(1) when 8 — 0" (12)

is fulfilled, then the conditions (3)—(7) and (10) always hold with ||y (¢) ||» instead of |y, (¢)|. Hence from
Theorems 1 and 2 we can obtain the following corollary:

Corollary 1. Let f € LP ((T))B with0< B <1-— %, where @ satisfy condition (12). If a matrix A is such that
(8) and (9) or (8) and (11) are true for r € N, then

af O 7 () -0 (00756 (;21)),

Corollary 2. We can observe that in the case r = 1, the conditions (3)—(7) in Theorem I reduce to (1) and
(2). Thus we obtain the results from [2] and [1].

Remark 1. If we consider the following more natural conditions

2mzz+7r 1/17
T 2mn 1 1B
(1= 2%) 7y o) sin
di :0( 1) )
/ ( 0] (it D)7
2’Ljr—~—r'(r17:,'-+l)
2mt)n  m l/p
r r(n+1) (Z(m-l-l)ﬂ ) ‘qjx ‘Sln rt}ﬁ v |
_ di :0( | ‘7)7
/ &0 (D)7
2(m+)r 1

r r

forye (%, % —i—ﬁ) where 8 > 0, instead of (5) and (7), and

2mm n 1 / p

r ﬁ 14
[ (O b <o (e,

2mm
r
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2mt 1)z ; 1/p
r st
/ wlllsns[) gt o, (n+1)77)

~ (2(m+1)w
2m+)r @ (0( r _t)

r r(n+1)

instead of conditions (6) and (10), respectively, then our estimate takes the form

a0 -7 (v 25 )| o (0 ana (21).

Remark 2. We note that our extra conditions (8), (9), and (11) for a lower triangular infinite matrix A
always hold.

Corollary 3. Under the above remarks and the obvious inequality
Anr <rAy forreN, (13)
our results also improve and generalize the mentioned result of Krasniqi [1].

Remark 3. We note that instead of L” (®) p one can consider other subclasses of L” generated by any
function of modulus continuity type, e.g. @, such that

)
B.(.8) = sup [y ()] < 3,(6) or @,(7.8) = 5 [ Iy (0)]dr < 3,(5).

1|<s

Remark 4. We note that our condition (12) holds if we take @ (6) = 6% with 0 < ot <  + %.

3. AUXILIARY RESULTS

We begin this section with some notations from [4] and [5, Section 5 of Chapter II]. Let for r = 1,2, ...

sin (2k;rr)t N cos (2k;rr)t
D] ()= ——=2— D%, (t) = ——=—
kr (1) 2sin% 7 (0 2sin 5
and "
5 0 cos%’—cos% cos o 0
k,r t) = - 1t - - T k,r z).
2sin 5 2s8in 5

It is clear by [5] that

~ T

S == [ resn b )dr

and

1 (7 d ~
Toafx)=—=[ fx+1)Y anDi;(t)dr.
-z k=0

Now we present a very useful property of the modulus of continuity.

Lemma 1 ([5]). A function @ of a modulus of continuity type on the interval |0,27| satisfies the condition
5{1(7)(62) < 251’1(7)(61) for & > 6; > 0.
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Next, we present the known estimates.

Lemma 2 ([5]). If 0 < |t| < &, then

and for any real t we have

D (1 ‘<k+ ’Dkl ’ k(k—i—l)\tI ~7(t)’§k+1.

Lemma 3 ([3,4]). Letr € N,l € Z and (a,) C C Ift # 217” then for every m > n

m m+r n+r—1

m
Z aisinkt = — Z (ak — akH)DOkJ (t) + Z akDok,,r (t) — Z akDOk,,r (l) s
k=n k=n k=m+1 k=n
m m m4+r n+r—1
Z a,coskt = Z (ak — ak+r)Dlt,r (t) — Z aszﬁr (t) + Z aszﬁ, (t) .
k=n k=n k=m-+1 k=n

4. PROOFS OF THEOREMS
4.1. Proof of Theorem 1

It is clear that for an odd r

MJJrE 2(m+)r
_ - n B N v S B =
Tn,Af(X)—fr<X,r(n+l)> = Z ) / + ) / Wi (1) Y aniDy (1) dt
. T S L k=0

/ * Z / Wi (1) i an,k5k71 (t)dt
2mm _ k=0

and for an even r

NN e i
f&x)=fr| %, = / + / Zankal )dt +Jo (x)
( +1) T m=0
o\ e
L T 2(m+1)w
1 [r/2 ) [r/2] 1 . o
/ + / Ve (1) Y aniDy, (1) dt
2mx A+ n k=0
r r(n+1)

= J, () +J2 () +Jo (x) + T3 (x) + Ja ().



56

Then
~ ~ T
Tn,Af (x) = fr <X, r(n—i—l)) )
< o () W ]+ 73 () 4+ 12 ()14 13 () |45 () 1 ()
By Lemma 3,
1 & (2k+ 1)t t
Z Qy | COS ———F—— Z a, kcosktcos - — Z @y Sinkt sin
25 2 "2 (k 0 2 5 2
cos2 o0 =1 .
Z an e — nerr) D (1) + Zan,ka,—r (t)
k=0 k=0
L =)
2 Z Ank — ank+r k,r ZankD k, r .
k=0
Therefore,
M+l
o 2
|1 (x !+‘Jl ‘<*Z / WX(NIAnrdt
= |s1n SHES ‘
MJ+ T
r r(n+1)

,--» [ 7/2]}, we obtain

Using the estimates [sin%| > ‘Lﬂl for t € [0,7], [sin%| > % —2m for 1 € |
(0,.

oy | T
TSRS VS RSP Y I A =
m= 2mm T ®
TJ'_ r(n+1)
1
2’”J+E g
r r 2, Y q
[ (e,
2mn n ! (t zmn) |Sln 7 ‘ﬁ
r +r(n+1)
Hence by (5)
/ /2 T
@1+ 0] =0, ¥ ey |
m=0 2mm T
ey

r(n+1)

2mnr  2mx
r > r

2mn
r

o (1) (1
(=2

(

— 2mzy¥ )‘1 z
1) |sin 2 |P ¢

+E

r

_ =
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], where m €
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Using Lemma 1 we get
1
2rrrmr+% _ q
/ ( @ (1) (t 2m7r)7 )q
2mm rt|B
t(t— sin
sy ( ) ‘ }
1 1
T q T q
r ~ MJ Y q r ~ q
(t t
_ /( (e300 Nyl <l [ (20 )
J t(t4 2nz miy gin Ht2mn rt+2mm J tzfy r
r(n+1) ( ) | 2 } r(n+1) | d ‘
() [y o1 o]
< # 44 <E)ﬁq / t(Vflfﬁ)th =0 <(n+ 1)1 }’-‘rﬁ-‘r; @ (71')) ,
= r n+1
r(n+1) p
)
forO<y< B+ %. Therefore
i (x) x)‘ —o ((nr D) P aLe (-2 )).
' n+1
Next,
Z(mtl)n_ ({[H)
1 /21 "
TACIERES SRR B L
T = smiin s |sin 4 sin %
Using the estimates [sin 5| > ‘in' forr€[0,7], [sing|>2(m+1)—2 fort € [z(mjl)” - z(mtl)” — (n’j_l) ,

where m € {0,...,[r/2] — 1}, we get

2Am+l)m (11) B p P
[r/z]—] r rin ’
T (1) |sin
()| < =AY sin 3| 7| di
r — ~ 2(m+1)w
m=0 2(m+)r w (t) ( r - t)
2m+1) i
2mtl)r  m Y q q
r r(n+1) w (t) < (WH‘I) t)
/ 3 dr| whf:rf:q:p(p—lf1
t
dmiz x ( > |Slnr ‘
Analogously as before, by (7)
1
2mt)r  m q
[r/2] 1 r r(n+1)

a0 (2mz )"
BEI<0MAy Y w1y | [ ( )\

2(m+1) rt ﬁ
m=0 Amidr g t<7r )‘sm |

for0<y<[3+%.
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Further, by Lemma 2

2mm
+
[r /2] r r(n+l

TASTIRVARIEE) S

m=1

2m T

o | by 17
r2 r rin
e ()] | rtiP
< 2 / Nilsm— dt
B m;l 2 (w(t_anm') 2
2mm pid 1/q
r +r(n+l) (,I)(t 2m71.') q
/ —L = | dt , Whereq:p(p—lf1
o ‘Sll’lrtlﬁ

Hence, by condition (4) for0 < f < 1— %

n 1/q

r(n+1) a)(t) q
B+ =o | [ ( . ,,ﬁ) dr

5 \|sinZ]

1/q

gox(1)a>(r(n7il)> ;/)51:;}’34 =0, <(n+1)ﬁ l/qw<nil>).

Finally, we note that applying condition (8) we have

- -1
[(I’l + 1 [ZA” r < [Z Z |an7k - an7k+r|]

<
1=0

Y
@+ ] =0 (1P a6 ().

n+1

-1

] - [Zik] o),

8

Z ank — an,kJrr)

k=

~

whence

By Lemma 2, (9), (3), and (8) for 0 < B < 1 — %

)2 s
(t)|edt
0

|Zankk k+1)tdt<
k=0

m (i . "
P t|Br o (t
|> ’sinr— dt / o)
2 smﬁ%’
0

(1410 = 0, (<"+ DI A @ <nn>> '
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Analogously as in the estimate of |J3 (x)|+ ‘J; (x)‘ we get

[r/z],l 2(/11-:1)71 t
‘J4(X)‘ S ’WX()|dt
2(m+)r  x t
m=0 r r(n+1)
1/p
r/2]—1 2(m+D)m
< | /2]: ) M ’sinr—t ’ dt
= = Z(mjl)nfr(,,ﬁ]) &V) (2(}11-:.-1)7: o t) 2
s 1)z o (2(m4rr1)n —t> q 1/q |
smiE g B dt ,whereq=p(p—1) .
r r(n+1) ‘Slnj}
Hence, by (6)
~ /4
Ji(x)] =0 DY g, ——) ).
sl =0 (17,5 (L
Thus our proof is complete. O

4.2. Proof of Theorem 2

As in the above proof

a0 -7 (37,755 )|
< W1+ @)+ W2 0]+ o () 45 ()] + Mo () + 3 ()] + s (4

and v (x>|+‘11 (x>’+‘]2(x)‘:0x<(7l+1)1+l3+;1714,17r&3( d )>

n+1
Next, by Lemma 2, (11), (10) for0<p < 1— %, and (8), we get

o (x) +J5 (x)[ +

Jo () +J5 (3)

mim Y9 . i 1/
2(n+1)[§] /2', s (v (1)) [sin 2| pdt g
T m=0 2’? &V)(t_zmTﬂ:)

zmT”Jrr(nij—l) &v) (t - 2”:‘”{) 1 l/q
' ﬁm -t |B dt
r |Sln7‘
x qa 1/4
r(n+1) 1
/0 (ISin”\B> dt]
2

_ ox<n+1)a>< 7 )
_ ox<(n+1)1+ﬁ+LAn,rcT) (L))

IN

n+1
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Finally, applying Lemma 2 and conditions (11), (6), and (8) we obtain

[r/2]-1 2(m+ )7 . B 1/p
n+1 = VAGIEIES
Bl < == X s 2 | =2y | ¢
T om0 |V \ @ <f —t)
z(mt])” @ (2(m—l—l)ﬂ —f> q 1/q
— | dt
2(errl)nir(nj«IH) ‘Sin %t |ﬁ
1 ~ T
- <<n+ DA, <+1>) |
Collecting the partial estimates we get our statement. 0

5. CONCLUSIONS

We investigated pointwise approximation of modified conjugate functions by matrix operators of their
Fourier series. In particular, we estimated the deviation fn Wit (x,s)’ by the function of modulus

of continuity type in the case when conjugate function f, depends on . In the obtained results the measures
of approximation depend on r-differences of the entries.
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Modifitseeritud kaasfunktsioonide punktiviisi lihendamine nende Fourier’ ridade
maatriksoperaatoritega

Wilodzimierz Lenski ja Bogdan Szal

Olgu L? (1 < p < o) reaalviidrtustega 27-perioodiliste 16igul [—m, 7] Lebesgue’i mottes integreeruvate
funktsioonide klass ja S f(x) funktsiooni f € L” trigonomeetriline Fourier’ kaasrida. On teada, et funktsiooni
f € L kaasfunktsioon f on esitatav teatud viisil defineeritud funktsioonide f,(x,€) (r on naturaalarv) kaudu
piirvdirtusena

f(x) = lim fi(x,¢).

£—0+

Olgu A teatud omadustega mittenegatiivne regulaarne maatriks ja 7, 4 f(x) rea Sf A-teisendus. Artiklis
on antud hinnang vahele |7, 4 f(x) — f,(x, €)| pidevuse mooduli tiiiipi funktsiooni abil.



