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Abstract. Main properties of the topology defined by a bornology on a topological linear space and main properties of Mackey
Q-algebras are presented. Relationships of Mackey Q-algebras with other classes of topological algebras are described. It is shown
that every Mackey Q-algebra is an advertibly Mackey complete algebra, every strongly sequential Mackey Q-algebra is a Q-algebra,
every infrasequential Mackey Q-algebra is an advertibly complete algebra, and every infrasequential advertive Hausdorff algebra is
a Mackey Q-algebra.
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1. INTRODUCTION

Let K be one of the fields R of real numbers or C of complex numbers and A a topological algebra over K
with separately continuous multiplication (shortly, a topological algebra). Moreover, let θA denote the zero
element in A and QinvA the set of all quasi-invertible elements in A, that is, there is an element b ∈ A (we
denote it by a−1

q ) such that a ◦ b = b ◦ a = θA (here a ◦ b = a+b−ab for each a,b ∈ A). In the case A has
a unit element eA, let InvA denote the set of all invertible elements in A. A topological algebra A is called a
Q-algebra if the set QinvA (in the unital case the set InvA) is open in A.

An element a ∈ A is topologically left quasi-invertible in A if there is a net (aλ )λ∈Λ such that (aλ ◦a)λ∈Λ
converges to θA. Topologically right quasi-invertible elements are defined similarly. An element a ∈ A
is topologically quasi-invertible if it is topologically left quasi-invertible and topologically right quasi-
invertible in A. In the case where A has the unit element eA, element a ∈ A is topologically left invertible
in A if there is a net (aλ )λ∈Λ such that (aλ a)λ∈Λ converges to eA. Topologically right invertible elements
and topologically invertible elements in A are defined similarly. We denote the set of all topologically
quasi-invertible elements in A by TqinvA and the set of all topologically invertible elements in A by TinvA.
A topological algebra A is called an advertive algebra if TqinvA = QinvQ. In the unital case, A is
an advertive or invertive algebra if TinvA = InvA because in the unital case TqinvA = eA − TinvA and
QinvA = eA− InvA. In addition, a topological algebra A is called locally k-convex (locally convex) if it has a
local base consisting of absolutely k-convex (respectively, absolutely convex) neighbourhoods of zero, and
A is locally m-convex if it has a local base consisting of idempotent and absolutely convex neighbourhoods
of zero. Recall that a set U is absolutely k-convex if U = Γk(U) and absolutely convex if U = Γ1(U), where
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Γk(U) =

{
n

∑
v=1

αvuv : n ∈ N,u1, . . . ,un ∈U and α1, . . . ,αn ∈K with
n

∑
v=1

|αv|k 6 1

}
.

Let now A be a topological algebra over C, HomA the set of all non-zero homomorphisms from A to C,
homA the subset of continuous homomorphisms in HomA,

spA(a) =
{

λ ∈ C\{0} :
a
λ

̸∈ QinvA
}
∪{0}

(in unital case

spA(a) =
{

λ ∈ C : a−λeA ̸∈ InvA
}
)

the spectrum of a ∈ A and
rA(a) = sup

{
|λ | : λ ∈ spA(a)

}
the spectral radius of a ∈ A. Then{

φ(a) : φ ∈ homA
}
⊆
{

ϕ(a) : ϕ ∈ HomA
}
⊆ spA(a)

for each a ∈ A. In the particular case when

spA(a) =
{

φ(a) : φ ∈ homA
}

for each a ∈ A, we will say that A has the functional spectrum.
An element a ∈ A is called bounded if the radius of boundedness

βA(a) = inf
{

λ > 0 :
( a

λ

)n
is bounded in A

}

= inf
{

λ > 0 :
( a

λ

)n
vanishes in A

}
is finite. There are topological algebras for which rA(A) = βA(a) for every a ∈ A and those for which
rA(A) ̸= βA(a) for every a ∈ A.

The main properties of the topology defined by a bornology on a topological linear space and the
main properties of Mackey Q-algebras are presented in the present paper. The relationships of Mackey
Q-algebras with other classes of topological algebras are described. In addition to other results, it is shown
that every Mackey Q-algebra is an advertibly Mackey complete algebra, every strongly sequential Mackey
Q-algebra is a Q-algebra, every infrasequential Mackey Q-algebra is an advertibly complete algebra, and
every infrasequential advertive Hausdorff algebra is a Mackey Q-algebra.

2. BORNOLOGY

We recall first the main notions connected with bornology. A bornology (see, for example [12]) on a
nonempty set X is a collection B of subsets of X that satisfies the following conditions:
(a) X =

∪
B∈B

B;

(b) if B ∈ B and C ⊆ B, then C ∈ B;

(c) if B1,B2 ∈ B, then B1 ∪B2 ∈ B.
A set X with a bornology B on X is called a bornological space and denoted by (X ,B). In the case

where X is a vector space over K, a bornology B on X is called a linear or vector bornology if the following



42 Proceedings of the Estonian Academy of Sciences, 2017, 66, 1, 40–53

conditions are satisfied:
(d) if B1,B2 ∈ B, then B1 +B2 ∈ B;

(e) if B ∈ B and λ ∈K, then λB ∈ B;

(f) b(B) =
∪

|λ |61
λB ∈ B for every B ∈ B.

Moreover, when X is an algebra over K, a bornology B on X is called an algebra bornology if B
satisfies the conditions (a)−( f ) and
(g) if a ∈ X and B ∈ B, then aB,Ba ∈ B.
The condition (g) means that the multiplication in X is separately bounded.

Let now B be a linear bornology on X . It is said that a net (xλ )λ∈Λ in X converges to x0 ∈ X
bornologically if there is a balanced set B ∈ B and for every ε > 0 an index λ0 ∈ Λ such that xλ − x0 ∈ εB
whenever λ ≻ λ0. In the particular case when (X ,τ) is a topological linear space and Bτ the von Neumann
bornology on X (that is, the set of all bounded subsets of (X ,τ)), the bornological convergence in X is
called the Mackey convergence. It is easy to see that every Mackey convergent net in (X ,τ) is topologically
convergent (that is, convergent in the topology τ), but not conversely. In particular, when the space (X ,τ) is
metrizable, then every topologically convergent net in (X ,τ) is Mackey convergent as well (see, for example
[14, pp. 27–28]).

Let now (A,τ) be a topological algebra. It is known (see [14, p. 21, Example 4]) that Bτ on A is a linear
bornology. To show that also the condition (g) holds, let a ∈ A and B ∈ Bτ . Then for every neighbourhood
O of zero in A there exists another neigbourhood O′ of zero such that aO′,O′a ⊆ O and λ ′ > 0 such that
B ⊆ λ ′O′. Thus, aB ⊆ λ ′aO′ ⊆ λ ′O. Hence aB ∈ Bτ . Similarly, Ba ∈ Bτ . Consequently, Bτ is an algebra
bornology on every topological algebra (A,τ).

A linear bornology B on A is called a convex bornology if Γ1(B) for every element B ∈ B. Moreover,
a topological linear space (X ,τ) is called Mackey complete if every Mackey convergent Cauchy net in X is
topologically convergent. So, every complete topological linear space is Mackey complete, but there exist
Mackey complete topological linear spaces that are not complete. We will speak about sequentially Mackey
complete spaces if instead of nets only sequences are considered.

3. TOPOLOGY DEFINED BY BORNOLOGY

Let (X ,B) be a bornological linear space (that is, B is a linear bornology on X) and let τB denote the set

{U ⊂ X : ∀ u ∈U and ∀ balanced B ∈ B ∃ λ > 0 such that u+λB ⊂U}∪{ /0}.

It is easy to see that τB is a topology on X . This topology, introduced in 1950 by Arnold in [8], is called
the topology defined by the bornology B. In the case where X is a topological linear space and B is the von
Neumann bornology on X , the topology τB is called the Mackey closure topology and is denoted by τBτ .
When (X ,τ) is a T1-space, then (X ,τBτ ) is also a T1-space, but τBτ is not necessarily a Hausdorff topology.

Let (X ,B) be a bornological linear space. Next we present the main properties of the topology τB, from
which several are known for sequences or in the case where X has additional restrictions.

Property 1. Let (X ,B) be a bornological linear space. If O ∈ τB, x ∈ X and µ ∈ K \ {0}, then
µO,O+ x ∈ τB.

To show that this property is true, let a ∈ µO and B ∈ B be balanced. Then 1
µ a ∈ O and 1

µ B ∈ B are
balanced. Hence, there is a λ > 0 such that 1

µ a+λ 1
µ B ⊂ O. This means that a+λB ⊂ µO. Consequently,

µO ∈ τB. Let now a ∈ O+ x and B ∈ B be balanced. Then there is a ν > 0 such that (a− x)+νB ⊂ O.
This means that a+νB ⊂ O+ x. So, O+ x ∈ τB. Hence, the homothety and the shift are homeomorphisms
in bornological linear spaces in the topology τB like in the case of topological linear spaces.
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By Property 1, it is easy to show that the addition and the multiplication by scalars in every topological
linear space (X ,τ) are separately continuous maps in the Mackey closure topology. Indeed, for any x ∈ X
and µ ∈K\{0}, let fx and gµ denote the maps, defined by fx(x′) = x+x′ and gµ(x) = µx for each x,x′ ∈ X .
Then

fx(O− x) = O and gµ

( 1
µ

O
)
= O

for any neighbourhood O of zero in X in the Mackey closure topology and any nonzero number µ . Since
O− x, 1

µ O ∈ τBτ by Property 1, the addition and the multiplication by scalars in topological linear spaces
in the Mackey closure topology are separately continuous maps but, in general, not jointly continuous.
Therefore every topological linear space (X ,τ) in the Mackey closure topology is only a pseudotopological
linear space (that is, a vector space with topology in which the addition and the multiplication by scalars are
only separately continuous maps).

Let now (A,τ) be a topological algebra, a ∈ A, O ∈ τBτ be balanced, ha be the map defined by
ha(λ ) = λa for each λ ∈K, and µ > 0 be such number that µb({a}) = θA +µb({a} ⊂ O because θA ∈ O.
Since

ha(Oµ) = Oµa = µO1a ⊂ µb({a})⊂ O

and
Oµ = {λ ∈K : |λ |< 1}

is an open subset in K, then ga is a continuous map in the Mackey closure topology. Consequently, the
multiplication in any topological algebra is separately continuous in the Mackey closure topology.

Property 2. A base of neighbourhoods of zero in the topology τB on X consists of balanced neighbourhoods
of zero.

The proof of this statements is given in [4, Lemma 3.1].

Property 3. Let (X ,B) be a bornological linear space and U a subset of X. Then U ∈ τB if and only if
for every x ∈U and every net (xλ )λ∈Λ in X that bornologically converges to x, there exists an index λ0 ∈ Λ
such that xλ ∈U whenever λ ≻ λ0 and U is τB-closed if and only if from the bornological convergence of
a net (xλ )λ∈Λ in U to x ∈ X follows that x ∈U.

Let U ∈ τB, x ∈U and (xλ )λ∈Λ be a net in X that bornologically converges to x. Then for every balanced
B ∈ B there is a number µB > 0 such that x+µBB ⊂U , and there exists a balanced set B′ ∈ B and λ0 ∈ Λ
such that xλ − x ∈ µB′B′ whenever λ ≻ λ0. Terefore, xλ ∈ x+µB′B′ ⊂U whenever λ ≺ λ0.

Suppose that U ̸∈ τB. Then there are an element x0 ∈ U and a balanced subset B0 ∈ B such that
x0 + µB0 ̸⊂ U for every µ > 0. Therefore, for every µ > 0 there is an element bµ ∈ B0 such that
x0 + µbµ ̸∈ U . Thus, we have a net (x0 + µbµ)µ>0 in X that bornologically converges to x0 because
x0 +µbµ − x0 ∈ ε µ

ε B0 ⊂ εB0 whenever µ > ε .
Let U ⊂ X be a τB-closed set in X and let (xλ )λ∈Λ be a net in U that bornologically converges to x ∈ X .

Suppose that x ̸∈U . Since X \U ∈ τB, there exists an index λ0 ∈ Λ such that xλ ∈ X \U whenever λ ≻ λ0.
As this is not possible, then x ∈U .

Suppose now that the set U is not τB-closed in X . Then X \U ̸∈ τB. Therefore, there are an element
x ∈ X \U and a balanced set B ∈ B such that x+µB ̸⊂ X \U for every µ > 0. Hence, for every µ > 0 there
exists an element bµ ∈ B such that x+µbµ ̸∈ X \U . Hence x+µbµ ∈U for every µ > 0. So we have a net
(x+µbµ)µ>0 in U that bornologically converges to x ̸∈U .

Property 4. Every neighbourhood of zero in a bornological linear space (X ,B) is an absorbing set in the
topology τB.

Let O be an open subset of X in the topology τB, x ∈ X be fixed, gx the map defined by gx(λ ) = λx
for each λ ∈ K, and B a balanced bounded subset in K. Then there is a number M > 0 such that
B ⊂ OM = {λ ∈K : |λ |6 M}. Since OM = MO1 and Mb({x}) ∈ B (see the definition of linear bornology)
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is balanced, then for every λ0 ∈ g−1
x (O) there exists a number µ > 0 such that gx(λ0)+ µMb({x}) ⊂ O.

Now, from

gx(λ0 +µB) = gx(λ0)+µgx(B)⊂ gx(λ0)+µMO1x ⊂ gx(λ0)+µMb({x})⊂ O

follows that λ0+µB ⊂ g−1
x (O). That is, g−1

x (O) is an open set in K in the topology defined by the bornology
of K (hence, g−1

x (O) is an open set in the topology of K as well by Proposition 7 below). Consequently,
there is a number εx > 0 such that Oεx ⊂ g−1

x (O). Hereby, µx ∈ O whenever |µ|6 εx. This means that O is
an absorbing set.

Property 5. Let (X ,B) be a bornological linear space. Then every net (xλ )λ∈Λ that bornologically
converges to x ∈ X, converges to x also in the topology τB.

Let O be a neighbourhood of zero in the topology τB. Then there is a set G ∈ τB such that G ⊂ O.
Therefore, for every balanced set B ∈ B there is a number µB > 0 such that µBB ⊂ G. Since the net
(xλ )λ∈Λ bornologically converges to x, there exist a balanced set B0 ∈ B and an index λ0 ∈ Λ such that
xλ − x ∈ µB0B0 ⊂ G ⊂ O whenever λ ≻ λ0. This means that the net (xλ )λ∈Λ converges to x in the topology
τB.

Property 6. Let (X ,τ) be a topological linear space and Bτ the von Neumann bornology on X. Then
τ ⊆ τBτ .

Let O ∈ τ , x ∈ O and B ∈ Bτ be balanced. Then there are a neighbourhood U of zero in X such that
x+U ⊂ O and a number µ > 0 such B ⊂ µU . Since x+ 1

µ B ⊂ x+U ⊂ O, then O ∈ τBτ .

Property 7. Let (X ,τ) be a topological linear space in which every topologically convergent net is Mackey
convergent. Then τ = τBτ .

It is enough to show only that τBτ ⊂ τ . For this, let O ∈ τBτ . Then X \O is τBτ -closed. Let x0 be an
arbitrary element in the closure of X \O in the topology τ . Then there is a net (xλ )λ∈Λ in X that converges
to x0 in the topology τ . Hence this net Mackey converges to x0 as well. Then x0 ∈ X \O by Property 3. Thus
X \O is τ-closed. Consequently, O ∈ τ .

4. MACKEY Q-ALGEBRA

In 1985 Akkar [6] named a unital algebra A with convex bornology B a bornological Q-algebra when the
set InvA∈ τB. The first example of such bornological algebra was given by Hogbe-Nlend in [13, Proposition
II.1.1]. In 1992 Oudadess in [17] called such commutative unital complete locally m-convex algebras (A,τ)
for which InvA ∈ τBτ Mackey Q-algebras.

We will say that a topological algebra (A,τ) is a Mackey Q-algebra when the set QinvA (when A is a
unital algebra, then InvA) is open in the Mackey closure topology τBτ . Since τ ⊂ τBτ by Property 6, and
τ = τBτ by Property 7, if A is metrizable, then every Q-algebra is a Mackey Q-algebra and every metrizable
Mackey Q-algebra is a Q-algebra. There are Mackey Q-algebras that are not Q-algebras. For example (see
[7, Proposition 1]), the algebra C(X) of all K-valued continuous functions on a pseudocompact non-compact
Hausdorff space X endowed with the compact-open topology is a Mackey Q-algebra because the spectrum
spC(X)( f ) = f β (βX) for every f ∈C(X) (here βX denotes the Stone-Čech compactification of X and f β the
continuous extension of f on βX) is bounded. By Theorem 1, the boundedness of the spectrum is equivalent
to the statement that C(X) is a Mackey Q-algebra. However, it is not a Q-algebra. Some other examples
could be found in [6,10,13].

Next we describe the main properties of Mackey Q-algebras.
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Theorem 1. Let (A,τ) be a topological algebra over C. Then the following statements are equivalent
(statements (1)–(5) are equivalent also for topological algebras over R):
(1) (A,τ) is a Mackey Q-algebra;
(2) QinvA is a neighbourhood of zero in the Mackey closure topology;
(3) the interior of QinvA is not empty in the Mackey closure topology;
(4) θA is an interior point of QinvA in the Mackey closure topology;
(5) QinvA is a bornivore in (A,τ) (that is, QinvA absorbs every bounded subset of (A,τ));
(6) the spectral radius rA, as a map, transforms every τ-bounded subset of A to bounded subset in R+;
(7) A = {a ∈ A : rA(a) is finite};
(8) S = {a ∈ A; rA(a)6 1} is a neighbourhood of zero in the Mackey closure topology;
(9) there is a balanced neighbourhood V of zero in A in the Mackey closure topology such that

rA(a)6 gV (a) for each a ∈ A (here gV , denotes the gauge function of V , which exists because V is an
absorbing set in A by Property 4).

Proof. (1) ⇒ (2) ⇒ (3) ⇒ (4) are trivial.
(4) ⇒ (1). See the proof of Lemma 3.1 in [4, p. 202].
(1) ⇒ (5). Let B ∈ Bτ . Since Bτ is a linear bornology, then b(B) ∈ Bτ is balanced and B ⊂ b(B).

By statement (1), the set QinvA ∈ τBτ . Therefore, there is a positive number µ such that µb(B) ⊂ QinvA.
Hence, QinvA is a bornivore in (A,τ) because µB ⊂ µb(B)⊂ QinvA.

(5) ⇒ (1). Let a ∈ QinvA and B be a balanced set in Bτ . Since Bτ is an algebra bornology, then
B− Ba−1

q is τ-bounded. Thus, by statement (5), there exists a λ > 0 such that λ (B− Ba−1
q ) ⊂ QinvA.

Taking this into account, we have

a+λB =
[
(a+λB)◦a−1

q
]
◦a = λ (B−Ba−1

q )◦a ⊂ QinvA◦a ⊂ QinvA.

Hence, QinvA is open in the Mackey closure topology.
(5) ⇒ (6). Let B be a τ-bounded subset in A. Then, by statement (5), there exists a number λ > 0 such

that B ⊂ λQinvA. Therefore, rA(b)< λ for each b ∈ B. Hence, rA transforms B to a bounded set in R+.
(6) ⇒ (7). Since every one-point set is τ-bounded, then from statement (6) follows (7).
(7) ⇒ (5). Let QinvA not be a bornivore in (A,τ). Then there is a τ-bounded set B in A and for

every λ0 > 0 a number λ with |λ | > λ0 such that B
λ ̸⊂ QinvA. Hence, there is an element b ∈ B such that

b
λ ̸∈ QinvA. That is, λ ∈ spA(b) when |λ |> λ0. Consequently, rA(b) is not finite. Thus, from statement (7)
follows (5).

(2) ⇒ (8). Let QinvA be a neighbourhood of zero in A in the Mackey closure topology. Then, by
Property 2, there is a balanced neighbourhood O of zero such that O ⊂ QinvA. Suppose that there is an
element x ∈ O\S. Then rA(x)> 1. Hence, there is an element λ ∈ spA(x) such that |λ |> 1. However, on the
other hand, x

λ ∈ 1
λ O ⊂ O ⊂ QinvA because 1

|λ | < 1 and O is balanced. That is, λ ̸∈ spA(a). Hence, O ⊂ S.
Consequently, S is a neighbourhood of zero in the Mackey closure topology.

(8) ⇒ (2). Suppose that there is an element x ∈ S such that x
2 ̸∈ QinvA. Then from 2 ∈ spA(x) follows

that rA(x)> 2. Hence, S
2 ⊂ QinvA. This means that QinvA is open in the Mackey closure topology.

(2) ⇒ (9). Let a ∈ A. By statement (2) the set QinvA is a neighbourhood of zero in the Mackey closure
topology. Then, by Property 2, there is a balanced neighbourhood V of zero in the Mackey closure topology
such that V ⊂ QinvA. If µ > 0 is an arbitrary number such that a ∈ µV , then µ ̸∈ spA(a). Therefore,
rA(a)< µ for each µ > 0 such that a ∈ µV . Hence,

rA(a)6 inf{µ > 0 : a ∈ µV}= gV (a).

(9) ⇒ (2). Suppose that there is a balanced neighbourhood V of zero such that rA(a)6 gV (a) for each
a ∈ A. If a ∈ 1

2V is an arbitrary element, then

rA(a)6 gV (a)6
1
2
< 1.
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Hence, 1 ̸∈ spA(a). Therefore, 1
2V ⊂ QinvA. This means that QinvA is a neighbourhood of zero in A in the

Mackey closure topology. �
In particular, when the spectrum of every element of a topological algebra is functional, we have the

following equivalent conditions. To describe these, we recall that a map f from one topological linear space
X to another topological linear space Y is Mackey continuous at x ∈ X if for every net (xλ )λ∈Λ, which
Mackey converges to x0, the net ( f (xλ ))λ∈Λ Mackey converges to f (x0) and f is a Mackey continuous map
if f is Mackey continuous at every point of X . Moreover, a collection F of maps f from a topological linear
space X into another topological linear space Y is equibounded if the union

∪
{ f (B) : f ∈ F} is bounded in

Y for each bounded subset B in X .

Theorem 2. Let (A,τ) be a topological algebra with functional spectrum. Then the following statements
are equivalent:
(1) (A,τ) is a Mackey Q-algebra;
(2) the spectrum spA(a) of a is a bounded set for every a ∈ A;
(3) the specrum spA(a) of a is a compact set for every a ∈ A;
(4) the spectral radius rA is a bounded map;
(5) the spectral radius rA is Mackey continuous at zero;
(6) the spectral radius rA is a Mackey continuous map;
(7) the set {a ∈ A : rA(a)< 1} ∈ τBτ ;
(8) the set HomA is equibounded.

Proof. (1) ⇒ (2). The proof1 of this conclusion is given in [5, Proposition 3], but not in detail. Therefore,
we present here a new, more detailed proof.

First we remark that the set QinvA is a neighbourhood of zero in the Mackey closure topology by
statement (1). Therefore (by Property 2), there is a balanced neighbourhood O of zero in the Mackey
closure topology such that O ⊂ QinvA. As O is an absorbing set in A by Property 4, then there is a number
εa > 0 such that µa ∈ O whenever 0 < |µ|6 εa < 1.

Let now ρ ∈ (0,εa). If there is an element a ∈ A such that rA(a)> 1
ρ , then there is a number µo ∈ spA(a)

such that |µ0|> 1
ρ . But now

a
µ0

= ρ

(
1

ρµ0

)
a ∈

(
1

ρµ0

)
O ⊂ O ⊂ QinvA

because ρ < 1,
∣∣∣ 1

ρµo

∣∣∣ < 1, and O is balanced. Hence µ0 ̸∈ spA(a), which is impossible. So, rA(a)6 1
ρ < ∞

for every a ∈ A. Consequently, the spectrum spA(a) of every a ∈ A is bounded.
(2) ⇒ (1). By statement (2) the spectral radius rA(a) of every a ∈ A is finite. Therefore, (A,τ) is a

Mackey Q-algebra by Theorem 1.
(2) ⇒ (3). Suppose that spA(a) is not closed in C for some a ∈ A. Then there exists a µa ∈ C such that

µa ∈ clC(spA(a)) \ spA(a) because which 1
µa

a ∈ QinvA (here µa ̸= 0 because 0 ∈ spA(a)). By assumption,
(A,τ) is an algebra with functional spectrum. Therefore, homA is not empty and

spA(a) = {φ(a) : φ ∈ homA}∩S,

where S = {0} if a ̸∈ ∩{kerφ : φ ∈ homA} and otherwise S is an empty set. Now there exists a sequence (φn)
in homA such that the sequence (φn(a)) converges to µa. It is well known (see, for example [18, Theorem
1.6.11]) that

spA(a
−1
q ) =

{
λ

λ −1
: λ ∈ spA(a)

}
.

1 The proof does not use the restriction that the spectrum of every element is functional.
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Therefore,

spA

[(
a
µa

)−1

q

]
=

{
φ(a)

φ(a)−µa
: φ ∈ homA

}
.

Thus

spA

[(
a
µa

)−1

q

]
is not bounded. This is not possible by statement (2). Hence, spA(a) is closed in C for each a ∈ A. So, the
spectrum of each a ∈ A is a compact set in C.

(3) ⇒ (2) is trivial.
(1) ⇒ (4) is true by Theorem 1.
(4) ⇒ (5). Let (aλ )λ∈Λ be a net in A that Mackey converges to zero. Then there exists a balanced

B ∈ Bτ and for every ε > 0 there exists an index λε ∈ Λ such that aλ ∈ εB whenever λ ≻ λε . Since
rA(aλ ) ∈ εrA(B) ⊂ εb(rA(B)) whenever λ ≻ λε and rA(B) is bounded in [0,∞) by statement (4) (hence,
b(rA(B)) is balanced and bounded), then the net (rA(aλ ))λ∈Λ Mackey converges to 0 = rA(θA). Therefore,
rA is Mackey continuous at θA (without the restriction that the spectrum of every element is functional).

(5) ⇒ (6). Let (aλ )λ∈Λ be a net in A that Mackey converges to a ∈ A. Then the net (aλ −a)λ∈Λ Mackey
converges to θA. Hence, by statement (5), the net (rA(aλ −a))λ∈Λ Mackey converges (hence, converges also
in topology of R+) to rA(θA) = 0. Since A has the functional spectrum, then rA is a subadditive map. Hereby,

|rA(a)− rA(b)|6 rA(a−b)

for all a,b ∈ A. Taking this into account, the net (r(aλ ))λ∈Λ converges to rA(a). Because [0,∞) is a metric
space, the net (r(aλ ))λ∈Λ Mackey converges to rA(a) too. This means that rA is a Mackey continuous map.

(6) ⇒ (7). Let U = A \ {a ∈ A : rA(a) < 1} and (aλ )λ∈Λ be a net in U that Mackey converges to a0.
Then rA(aλ )> 1 for each λ ∈ Λ. By statement (6), (rA(aλ ))λ∈Λ Mackey converges (hence, converges in the
topology τ as well) to rA(a0) > 1 or a0 ∈U . Hence, U is Mackey closed by Property 3. Consequently, the
set {a ∈ A : rA(a)< 1} is open in the Mackey closure topology.

(7) ⇒ (1). By statement (7), the set O = {a ∈ A : rA(a) < 1} is a neighbourhood of zero in A in the
Mackey closure topology. Since O ⊂ QinvA, then θA is an interior point of QinvA. Hence, (A,τ) is a
Mackey Q-algebra by Theorem 1.

(4) ⇒ (8). Since A has a functional spectrum for every a ∈ A and

{φ(a) : φ ∈ homA} ⊆ {ψ(a) : ψ ∈ HomA} ⊂ spA(a)

for each a ∈ A, then
rA(a) = sup{|ψ(a)| : ψ ∈ HomA}

for each a ∈ A. Hence, ∪
ψ∈HomA

ψ(B)

is bounded in (0,∞) for each bounded subset B in A by statement (4). Consequently, HomA is an
equibounded set.

(8) ⇒ (4). By statement (8), for every bounded set B in A there is a number MB > 0 such that
|ψ(a)|< MB for all a ∈ B and ψ ∈ HomA. Therefore, the set rA(B) is bounded. Hence, rA is a bounded map.

�
To prove other properties of Mackey Q-algebras, we need
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Lemma 1. If I is a non-dense left (right or two-sided) ideal in A, then the closure of I in the Mackey closure
topology is a left (respectively, right or two-sided) ideal of A.

Proof. Let I be a left ideal in A and J the closure of I in the Mackey closure topology. Then J is closed with
respect to the addition and the multiplication by scalars (see [12, Corollary 1, p. 15]. To show that J is closed
with respect to the multiplication with elements of A, let a ∈ A and ga denote the map defined by ga(b) = ab
for each b∈A. Since ga is continuous in the Mackey closure topology, then ga(J)⊂ cl(ga(I))⊂ J (here cl(S)
denotes the closure of S ⊂A in the Mackey closure topology). Hence, AJ ⊂ J. Because J ̸=A, J is a left ideal
in A. �

The proofs for right and two-sided ideals are similar.

Theorem 3. Let A be a Mackey Q-algebra. The following statements hold:
(1) every maximal regular left (right or two-sided) ideal of A is closed in the Mackey closure topology;
(2) the Jacobson radical RadA is closed in the Mackey closure topology;
(3) if HomA is not empty, then HomA = homA;
(4) if βA(a) = rA(a) for each a ∈ A, then every element in A is bounded.

Proof. (1) Let M be a maximal regular left ideal in A, u the right unit in A modulo M, and N the closure of
M in the Mackey closure topology on A. Suppose that N = A. Since A is a Mackey Q-algebra, then QinvA
is a neighbourhood of zero in the Mackey closure topology by statement (2) of Theorem 1. Therefore
(−u+QinvA)∩M is not empty. Hence, there is an element m ∈ M such that m+u ∈ QinvA. Let b denote
the quasi-inverse of m+ u. Since b ◦ (m+ u) = θA, then u = −(b− bu)−m+ bm ∈ M. By this, A = M,
which is not possible. Hence, N is a left regular ideal in A by Lemma 1. As M is maximal and M ⊂ N, then
M = N. Hence, M is closed.

The proofs for right and two-sided cases are similar.
(2) It is well known (see, for example [18, Theorem 2.3.2]) that the Jacobson radical RadA is the

intersection of all maximal regular left (or right) ideals of A. Therefore, RadA is closed in A by
statement (1) of Theorem 3.

(3) Since kerψ is a maximal regular two-sided ideal in A for each ψ ∈ HomA, then kerψ is closed.
Therefore, ψ is continuous [19, Chapter III, statement 1.3].

(4) It is known that in every Mackey Q-algebra A over C the inequality ρA(a) 6 βA(a) holds for each
a ∈ A (see [2, Theorem 4.2]). If now A is a Mackey Q-algebra in which spA(a) = βA(a) for each
a ∈ A, then, by statement (7) of Theorem 1, there is an Ma > 0 such that

βA

( a
Ma

)
= r
( a

Ma

)
< 1.

�
Hence, a is bounded in A.

5. ADVERTIBLY MACKEY COMPLETE ALGEBRAS

The class of advertibly complete locally m-convex algebras was introduced by Warner in [20]. It is known
(see [16, Theorem 6.4, p. 45]) that every Q-algebra is advertibly complete. An example of an advertibly
complete locally m-convex algebra, which is neither a complete algebra nor a Q-algebra, is given in [20, p.
8].

Let now A be a topological algebra. A net (aλ )λ∈Λ is advertibly convergent (advertibly Mackey
convergent) in A if there is an element a ∈ A such that the nets (a ◦ aλ )λ∈Λ and (aλ ◦ a)λ∈Λ converge
(respectively, Mackey converge) to θA. In the particular case when A is a unital algebra, a net (aλ )λ∈Λ
is advertibly convergent (advertibly Mackey convergent) in A if there is an element a ∈ A such that the
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nets (aaλ )λ∈Λ and (aλ a)λ∈Λ converge (respectively, Mackey converge) to eA. A topological algebra A is
advertibly complete (advertibly Mackey complete) when every advertiby convergent (respectively, advertibly
Mackey convergent) Cauchy net converges in A. Hence, every Mackey complete algebra is an advertibly
Mackey complete algebra. Moreover, every advertibly complete algebra is an advertibly Mackey complete
algebra. Indeed, let (aλ )λ∈Λ be an advertibly Mackey convergent Cauchy net in an advertibly complete
algebra A. Then (aλ )λ∈Λ is also an advertibly convergent Cauchy net that converges in A.

Proposition 1. Let A be a Mackey Q-algebra. Then every advertibly Mackey convergent net in A is Mackey
convergent.

Proof. Let (aλ )λ∈Λ be an advertibly Mackey convergent net in A. Then there exists an element a ∈ A
such that the nets (aλ ◦ a)λ∈Λ and (a ◦ aλ )λ∈Λ Mackey converge to θA. Hence, there exists a balanced and
bounded subset B of A and for any given ε > 0 an index λε ∈ Λ such that a ◦ aλ ∈ εB and aλ ◦ a ∈ εB
whenever λ ≽ λε . Since A is a Mackey Q-algebra, then QinvA is a bornivore in A by Theorem 1. Therefore,
there is a number µ > 0 such that B ⊂ µQinvA. As B is balanced, then

a◦aλ ∈ µ−1(εµ)B ⊂ µ−1B ⊂ QinvA

and
aλ ◦a ∈ µ−1(εµ)B ⊂ µ−1B ⊂ QinvA

for ε 6 1
µ whenever λ ≽ λε .

Let now λ0 ∈ Λ be such that λ0 ≽ λε , x ∈ A be the quasi-inverse of a◦aλ0 , and y ∈ A the quasi-inverse
of aλ0 ◦a. Then from

a◦aλ0 ◦ x = θA = y◦aλ0 ◦a

follows that aλ0 ◦ x is the right quasi-inverse of a and y◦aλ0 the left quasi-inverse of a. As these are equal,
then a ∈ QinvA. Let a−1

q denote the quasi-inverse of a. Then

(aλ −a−1
q )◦a = aλ ◦a−a−1

q ◦a+a = aλ ◦a+a ⊂ εB+a

whenever λ ≽ λε . Taking this into account,

aλ −a−1
q = (aλ −a−1

q )◦θA = [(aλ −a−1
q )◦a]◦a−1

q ⊂

(εB+a)◦a−1
q = ε(B−Ba−1

q )

whenever λ ≽ λε , where B−Ba−1
q is a balanced and bounded set in A. Consequently, every advertibly

Mackey convergent net (aλ )λ∈Λ Mackey converges in A. �

Corollary 1. Every Mackey Q-algebra is advertibly Mackey complete.

Corollary 2. Let A be a Mackey Q-algebra. If every topologically convergent net is Mackey convergent in
A (as in the metrizable case), then A is an advertibly complete algebra.

Proof. Let (aλ )λ∈Λ be an advertibly convergent Cauchy net. Then there is an element a ∈ A such that
(a ◦ aλ )λ∈Λ and (aλ ◦ a)λ∈Λ topologically converge to zero in A. By assumption, these nets Mackey
converge to zero as well in A. Since A is a Mackey Q-algebra, the net (aλ )λ∈Λ is Mackey convergent in A by
Proposition 1. Therefore, (aλ )λ∈Λ topologically converges in A. Hence, A is an advertibly complete algebra.

�
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6. CONNECTIONS OF MACKEY Q-ALGEBRAS WITH OTHER CLASSES OF TOPOLO-
GICAL ALGEBRAS

6.1. A topological algebra (A;τ) is called a strongly sequential algebra (strongly Mackey sequential algebra)
if there is a neighbourhood O of zero in the topology τ (in the Mackey closure topology) such that the
sequence (an) converges (Mackey converges) to zero for all a ∈ O. For example, the algebra K (R) (of
all continuous C-valued functions with compact support, endowed with the strict inductive limit topology
defined by Banach algebras

Kn =
{

f ∈C
(
[−n,n]

)
: f (−n) = f (n) = 0

}
,

where n ∈ N) is a strongly sequential algebra. Here

O =
{

f ∈ K (R) : sup
v∈[−n,n]

| f (x)|< 1 for each n ∈ N
}

is a neighbourhood of zero in K (R) such that f k ∈ O for each f ∈ O if k ∈ N. Hence ( f k) converges to
zero.

It is easy to see that every strongly Mackey sequential algebra is a strongly sequential algebra and both
topological algebras coincide in the metrizable case.

To show that next results hold without any kind of convexity of a topological algebra, we need the
following results.

Lemma 2 ([17, Proposition 6.1]). A topological algebra A is strongly sequential if and only if the radius
map βA of boundedness is continuous at zero.

Proposition 2. If A is an advertive Hausdorff algebra over C, then ρA(a)6 βA(a) for each a ∈ A.

Proof. Let A be an advertive Hausdorff algebra, that is TqinvA = InvA, and let a ∈ A. If βA(a) = ∞, then
ρA(a)6 βA(a) holds. Let now βA(a) ∈ R+ and λ be an arbitrary number in C such that βA(a)< |λ |. Then

lim
n→∞

(
a
λ

)n

= θA.

We put

Sn =−
n

∑
k=1

(
a
λ

)k

for each n ∈ N. Since

Sn ◦
a
λ

=
a
λ
◦Sn =

(
a
λ

)n+1

for each n ∈ N, the sequence (Sn) converges advertibly. Hence (see [1, Proposition 1]), the sequence (Sn)
converges in A, because A is an advertive Hausdorff algebra. Consequently, a

λ ∈ QinvA. This means that
λ ̸∈ spA(a) or ρA(a)6 |λ | for each λ ∈ C with βA(a)< |λ |. Consequently, ρA(a)6 βA(a) for every a ∈ A.

�

Proposition 3. Let A be a strongly sequential algebra over C. Then ρA(a) 6 βA(a) for each a ∈ A if and
only if A is a Q-algebra.
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Proof. If A is a Q-algebra, then ρA(a) 6 βA(a) for each a ∈ A by Proposition 2, because every Q-algebra
is advertive (see [1, Proposition 2]). Conversely, let ρA(a) 6 βA(a) for each a ∈ A. Since A is strongly
sequential, then βA is continuous at zero by Lemma 1. Therefore, ρA is also continuous at zero. Hence
{a ∈ A : ρA(a) 6 1} is a neighbourhood of zero in A. Consequently, A is a Q-algebra by [16,
Lemma 4.2, p. 59]. �

It is known that ρA(a)6 βA(a) for each a in every Mackey Q-algebra A over C (see [2, Corollary 4.3]).
Therefore, we have

Corollary 3. Every strongly sequential Mackey Q-algebra over C and every advertive Mackey Q-algebra
over C is a Q-algebra.

Let now A be a strongly Mackey sequential algebra with ρA(a)6 βA(a) for each a ∈ A. Then there is a
neighbourhood O of zero in Mackey closure topology such that (an) Mackey converges (hence topologically
as well) to zero for each a ∈ O. Therefore, ρA(a)6 βA(a)< 1 for each a ∈ O, because of which O ⊂ QinvA.
Consequently, QinvA is open in the Mackey closure topology. Hence, we have

Proposition 4. Every strongly Mackey sequential algebra over C with ρA(a) 6 βA(a) for each a ∈ A is a
Mackey Q-algebra.

6.2. A topological algebra A is called an infrasequential algebra if for every bounded subset B of A there is
a number λ > 0 such that the sequence ((λa)n) converges to zero for all a ∈ B. For example, every normed
algebra A is an infrasequential algebra, because for every bounded set {a ∈ A : ||a|| < M} with M > 0,
0 < ε < 1, and ε0 ∈ (0,ε) we have ∣∣∣∣∣∣(ε0

M
a
)n∣∣∣∣∣∣6 εn

0
Mn ||a||

n < εn
0 < ε

for each n ∈ N. Hence,
(( ε0a

M

)n) converges to zero.
The next result is well known in the case of locally convex and locally k-convex algebras. We show that

this result holds without any kind of convexity of a topological algebra.

Proposition 5. Every infrasequential algebra over C with ρA(a) 6 βA(a) for each a ∈ A is a Mackey
Q-algebra.

Proof. Let A be an infrasequential algebra and B a bounded subset in A. Then there is a λ > 0 such
that (λa)n converges to zero for each a ∈ B. Hence, ρA(a) 6 βA(a) < 1

λ for each a ∈ B. Consequently,
λB ⊂ QinvA. It means that QinvA is a bornivore. Hence, A is a Mackey Q-algebra by Theorem 1.

�
By Propositions 2 and 5 we have the following result.

Corollary 4. Every infrasequential advertive Hausdorff algebra over C is a Mackey Q-algebra.

6.3. We say that a topological algebra A is a netial algebra if for each net (aλ )λ∈Λ, converging to zero, there
exists an index λ0 ∈ Λ such that the sequence (an

λ0
) converges to zero. In a particular case when Λ = N,

we speak about sequential algebras. An example of sequential algebras is C([0,1]) of continuous C-valued
functions with the uniform convergence topology on compact subsets of [0,1] (see [15, Example 3.22]).

Proposition 6. Every netial (sequential) algebra over C with ρA(a)6 βA(a) for each a ∈ A is an advertibly
complete (respectively, sequentially advertibly complete) algebra.

Proof. Let A be a netial algebra and (aλ )λ∈Λ an arbitrary advertibly convergent Cauchy net in A.
Then there is an element a ∈ A such that (a ◦ aλ )λ∈Λ and (aλ ◦ a)λ∈Λ converge to zero in A. Since
A is a netial algebra, then there is λ0 ∈ Λ such that the sequences ((aλ0 ◦ a)n) and ((a ◦ aλ0)

n)
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converge to zero. Therefore ρA(a ◦ aλ0) 6 βA(a ◦ aλ0) < 1 and ρA(aλ0 ◦ a) 6 βA(aλ0 ◦ a) < 1. Hence,
a ◦ aλ0 ,aλ0 ◦ a ∈ QinvA. Similarly as in the proof of Proposition 1, a ∈ QinvA and (aλ )λ∈Λ converges to
the quasi-inverse a−1

q of a. Consequently, A is an advertibly complete algebra.
The proof for the case when Λ =N is similar. �

Corollary 5. All netial advertive Hausdorff algebras over C and all netial Mackey Q-algebras over C are
advertibly complete algebras.

7. REMARK

Several results of the present paper are known, but mainly in the unital case, unital locally convex or unital
locally k-convex case with k ∈ [0,1], or in the case of unital algebras with convex bornology. Namely,
Theorem 1 is known partly in the case of commutative unital complete locally m-convex algebras (see
[6, Corollary 6], where the equivalence of statements (1), (2), and (6) is shown) and in the case of unital
algebras with convex bornology (see [7, Proposition 2], where the equivalence of statements (1) and (3) is
shown, and [6, Corollary 4], where it is shown that from statement (1) follows (7)). Theorem 2 is known
partly in the case of the unital algebra with convex bornology (see [6, Theorem 3], where the equivalence of
statements (1) and (5) is proved) and in the case of commutative unital complete locally m-convex algebras
(see [6, Theorem, p. 61] and [7, Corollary 3], where the equivalence of statements (1)–(6) and (8) is shown,
and [17, Proposition 3.3], where the equivalence of statements (1) and (3) is proved) and in the case of
unital commutative locally convex algebras of special types (see [9, Proposition 5], where the equivalence
of statements (1) and (3) is proved). Theorem 3 is known partly in the case of unital complete bornological
multiplicative convex algebras (see [13, Proposition II.1.3 and Corollary, p. 32], where statements (1) and
(2) are proved) and in the case of unital algebras with convex bornology (see [6, Proposition 6], where
statement (1) is proved). Proposition 1 is known in the case of unital algebras (see [11, Proposition 4.1]).
Proposition 3 is known (see [3, Corollary 4.3] and in the case of unital locally pseudoconvex algebras in
[11, Proposition 2.4]). Corollary 3 is proved in the case of unital locally k-convex algebras with k ∈ (0,1] in
[11, Proposition 5.3]; Proposition 5 is proved in the case of unital locally k-convex algebras with k ∈ (0,1]
in [11, Proposition 5.6] and Corollary 5 partly in the case of unital sequential locally k-convex algebras in
[11, Corollary 4.5].

8. CONCLUSION

The present paper shows that all these results hold in a general case without the assumption of unity and any
kind of convexity for topological algebras.
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Mackey Q-algebra

Mati Abel

On kirjeldatud bornoloogia abil defineeritud topoloogia ja Mackey Q-algebra põhiomadusi ning teiste
topoloogiliste algebrate ja Mackey Q-algebrate vahelisi vahekordi.


