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Abstract. This paper is concerned with boundedness inequalities in the variation for the higher order derivatives of general Schurer-
type operators. In particular, the boundedness inequalities in the variation for the higher order derivatives of the Bernstein—Schurer,
Kantorovich—Schurer, and Durrmeyer—Schurer operators are derived.
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1. INTRODUCTION

The Bernstein polynomials,

=37 (5) (- wep,

have influenced many branches of the approximation theory and their properties have been prototypes for
our research as well.

Dealing with the class of functions of bounded variation BV [0, 1], the Bernstein polynomials have the
total variation diminishing property

Vio,[Bnf] < Vio[f]s (1.1)

where V| 1j[f] is the total variation of f and f € BV[0,1] (see [10], which is the first paper in this direction).
In [2] this has been called the variation detracting property (VDP). The total variation diminishing property
of this kind is known for many positive operators. In the case of the Kantorovich operators

k+1

(Kaf)) =0+ 1)Y. pia(o) [ ) (€ 0,1]), (12)

k
k=0 n+1
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where
n n
Pin(x) == <k>xk(1 —x)" K
the variation detracting property holds as follows.

Theorem A ([2], Proposition 3.3). If f € BV[0, 1], then

Vio.[Knf1 < Vio1j[f]-
Also the Durrmeyer operators (see [7])

(Duf)(x) = (n+1) Zpkn /pkn dt (xe0,1]), (13)

have the variation detracting property.
For the Bernstein operator there has been some interest in investigating the variation detracting property
for the derivatives in the form (see, e.g. [9])

Vioyl(Buf)'] < Vo, [f]- (1.4)

In this paper we investigate boundedness inequalities for the higher order derivatives of some, quite
general, Schurer-type operators, in particular cases the Bernstein—Schurer, the Kantorovich—Schurer, and
the Durrmeyer—Schurer operators.

Let L, be a polynomial positive operator, i.e., we have a polynomial L, f > 0 on [0,a] for every f > 0,
f€BVI[0,b], (a,b>0).

Due to (1.1) and (1.4) there arises the question of determining the constant M, > 0, independent of
f,f") € BV|0,b], for which

Vo l(Laf)V] < MVigy[f7], r=0,1,2,.... (1.5)

We call inequality (1.5) the boundedness inequality. If M, < 1, we call inequality (1.5) the variation
detracting property.

2. BOUNDEDNESS INEQUALITIES FOR DERIVATIVES OF SCHURER-TYPE OPERATORS

In [1,4,11,12], certain Schurer-type operators are defined and their approximation properties are
investigated. We investigate boundedness inequalities (1.5) of some general Schurer-type operators in a

unified approach. Let
n-+p

(Un,p,af) (x) = Z pk,n—l—p,a(x)Fk,n,p(f)? X e [O,Cl], 2.1)

k=0

where Fi , ,(f) is some positive linear functional of f € C[0,1+p], p=0,1,2,..., and

1
Piema(X) i= o (Z)xk(a—x)m_k, k=0,....m, x €]0,a]. 2.2)

We consider here the following cases:

1. Ifin (2.1) we puta =1 and
k
Finp(f) = f(=), (2.3)

n
then we get the Bernstein—Schurer operator B,, ,; the subcase p = 0 gives us the Bernstein operator B,,.
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2. Ifin (2.1) we puta =1 and

k+1

o i ndp+1 U (kv
Fonplf) = nep 1) [ oy =" [y (T ) 4

then we get the Kantorovich-Schurer operator K, ,; the subcase p = 0 gives us the Kantorovich opera-
tor K,,.
3. Ifin(2.1) weputa=p+1 and

n+p+1

Fknp(f). p+1

pt1
/O Pentpprt (1) £(0)d, 2.5)

then we get the Durrmeyer—Schurer operator D,, ,,; the subcase p = 0 gives us the Durrmeyer operator D,,.
Since U, p, of as a polynomial is continuously differentiable on [0, ], then for the left-hand side of (1.5)
it is known that

Vol Wapaf)1 = [ W)™ ) (w) 1.

So let us find the r + 1-th derivative of the polynomial U, , . f.
We introduce differences by the first index:

AOFk.,n,p = Fk,n,p’ Ale,n,p = AFk,n,p = Fk+1,z1,p - Fk,n,pa

ArFk,mp = A(Arileﬂ,p), (I": 2,3,...).
We use next a lemma, which is generalized from [14], Chap. II, §19, Lemma 2 (see also [6], p. 306,
formula (2.3)).
Lemma 1. Forr=0,1,....n+p, p=0,1,... we have

dr n+p—r
U ) = = (””’ > Y. Prasr-ral)L Fony () (2.6)

This assertion can be proved by induction as in the book [14].
The following proposition gives us a general idea for studying the variation detracting property for
operators (2.1).

Proposition 1. Let r =0,1,....n+p—1. Then

n+p n+p—r—1 .
VoalUnpat) 1< 5 ("T7) UL 185 i) e
a\ r =
Proof. Since the beta function yields
/ ' (x)dx = —2 2.8)
A Pkm,a - m—+ 17 .
by Lemma 1 we have
VoulWnpaD)) = [ 1Unpa) )

n+p—r—1
L (,,+1)1(n+p> Y AT Fp ()]

n+p_r ar+1 r+1 k=0

7l n+p n+p—r—1 .
= 2R 1 R

r k=0
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Next, we have to express differences through derivatives. First, we need a definition of » — 1 times
absolutely continuous functions on the interval [0,b] (compare, e.g. [3], p. 7).

Definition 1. We say that f € AC"~'[0,b], r € N, the space of all (r — 1)-times absolutely continuous
functions on [0,b], if f(x) admits for every x € [0, D] the representation

r-1 X uj Ur—2 Ur—1
xX) = ZAkxk+/ dul/ duz---/ dur,l/ g(u,)du,
= 0 0 0 0

for some g € L'(0,b] and some constants A;, i =0,....,r — 1.

We introduce differences
ALF(x) = Daf(x) := flath) = f(x), Db f(x) = Dp(AF f(x)) (k=2,3,...).

The class AC"~'[0,b] allows us to represent the differences /! f(x) via the derivatives f) of f € AC"~'(0, b).
The next lemma is from [13] (see Chap. 3, §3, formula (4)).

Lemma 2. Let f € AC"'[0,p + 1], where p = 0,1,2,... and r € N. Moreover, let n € N, 0 < k <
n+p—r—1,0<v<1.Then

k k
f/nf< +v> :/ £ <+v—|—t1—|—...+tr> dt,...dt,. (2.9)
n [0,1/n)" n

Now we have to calculate, according to (2.7), the sum of differences (2.9).

Lemma 3. Let f € AC" [0, p+ 1], r=1,2,....n+p— 1. Then for 0 <v < 1 we have

u k+v T N
Bt (557 1= e 7 o

wherem <n+p—rforv=0andm<n+p—r—1for0<v<1.

Proof. By Lemma 2 we have

k 1/n 1/n 1/n k
A f <+v>| < | dtl...o dzH/O \f”( Yo+ +t,>\dt,

1/n 1/n kil "
- dty ... dt,,lﬂ £ (2 +1 +...+t,) \dt,.
0 E

0

Taking the sum we get

m+1

k+v 1/n 1/n . v
Z\Al/n () | g/ di... dt,,l/ 7O (5 014+ 1) [ @11)
n 0 0 0 n
By introducing the new variables u; =ty,...,u,—y = t,_1,u, =t} + ... +1,, we have
|
0<uy; <—-, i=1,...,r—1, (2.12)
n
m+1

ur+ oA u Sup <up A 1+T (2.13)



A. Kivinukk and T. Metsmdigi: Boundedness inequalities in the variation of Schurer-type operators 5

and the Jacobian determinant J = 1. We get from (2.12) and (2.13) the estimate

0<u <

n
Hence, the integral on the right-hand side of inequality (2.11) is estimated by
m+r

1/n 1/n e v 1 n v
du;... A dur,l/o f <n +u,> ’du, = /0 f <u+ n> ’du. (2.14)

From (2.11) and (2.14) we obtain our assertion. Il

0

Let us first investigate the boundedness inequality for the derivatives of the Bernstein—Schurer
polynomials.

Theorem 1. Let f € AC"[0,p+ 1], r=0,1,....,n+p—1. Then

Voul(Bun$) ] <

Vio p11[f 7] (2.15)
Proof. For the Bernstein—Schurer polynomials F ,, ,(f) = f (%), a = 1. In the case r = 0 the proof is almost
identical to the proof of Proposition 3.1 in [2]. In the case r = 1,...,n+ p — 1 by Proposition 1 and Lemma
3 (v=0) we have

(n+p)! P ek
01][( npf) ] < (n—i—p—r)'n’/o ‘f 1( )|du
(n+p)!

= m Vio.p+1] [f(r)]~

g

As a corollary, we get now a statement for the Bernstein operators, proved also in [14], Chap. II, §19,
Lemma 3.

Corollary 1. Let f € AC"[0,1], r=0,1,...,n— 1. Then for the arbitrary derivatives of the Bernstein operator
the VDP holds, i.e.

n!
(n—r)n"

Vio,j[(Buf)"] < Vi Lf ). (2.16)

For the proof we take in Theorem 1 p = 0.
Similarly to the case of derivatives of the Bernstein—Schurer polynomials we can investigate the
boundedness inequality for the derivatives of the Kantorovich—Schurer polynomials.

Theorem 2. Let f € AC"[0,p+1], r=0,1,....,n+p—1. Then
(n+p+1)!
(n+p—r)!(n+1

Proof. In the case r = 0 the proof is almost identical to the proof of Proposition 3.3 in [2]. In the case
r=1,...,n4+ p—1 by Proposition 1 (a = 1) and Lemma 3 we have

(n+p)! ntp+1"H Vo (k+v
AT / d
(n+p—r)! n+l 2% By fy )4

(n+p+1)! ”ﬂ’“ At k+v
gl o 1Bl o

Vi [(Knp )] < Vo] gl 2.17)

V[O,l] [(Knpf)(r)]

IN

n+p

(n+p+1 / /n+l F+1
—)|d
(n+p—r)l(n+1)+! LH_ )’ u
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Taking s = u+ .75, t = u we have
r (n+p+1)! P
Vol ) < R [T s
(n+p+1)!

N )
(n+p—r)!(n+1)+! Vop+1ylf]-

O
We get now in the case p =0
Corollary 2. Let f € AC"[0,1], r =0,1,...,n — 1. Then for the arbitrary derivatives of the Kantorovich
operator the VDP holds, i.e.
(n+1)!
(n—=r)!(n+1)

V[OJ][(an)(r)] < e V[O.,l][f(r)]'

To investigate the variation detracting property for the Durrmeyer—Schurer operators by Proposition 1
we need to calculate A™TF , ,(f). By definition (2.5) we write

_n+p+1

AP () = RN ()£ (t)di
»1LP p+1 0 k,n+p,p+1 .

It appears that the differences of the basic polynomials py 1, ,+1(f) can be represented via derivatives.
The next result in a particular case is obtained in [5], proof of Theorem II.6, p. 332; however, for the
completeness of the presentation we will give an elementary proof.

Lemma 4. For the basic polynomials in (2.2) the following equality

r !
d A

——(Prma(x)) = (1) = <T> A D rm—ra(X), (2.18)

x" a”
where m >k >r >0, x € [0,a], holds.

Proof. We prove (2.18) by induction on r. For r = 0 it is obvious by definition. For r =1 we get

d m

apkm,a(x) = _g (pk,mfl,a ()C) — Pk—1,m—1,a ()C)) . (2.19)

Let us assume that (2.18) holds for some 1 < r < m. Differentiating (2.19) r times and using (2.18) we get

dr+l

7(pk,m,a(x)) = -

m
dxr+1 a

! —1
(_l)r : <m > (Arpkfr,mfrfl,a (x) - Arpkfrfl,mfrfl,a (x))

a” r

1) m -
= (=1 +1(ar+1)< >A+1pk—r—l,m—r—l,a(x)'

r+1
[l
To estimate the constant M, in (1.5) for the Durrmeyer—Schurer operators we need

Lemma 5. Let

m—r

Pr,m,a(t) = Z pk-‘rr,m-i-r,a(t)a m>r> 0; rc [O,Cl].

k=0

Then
a 1 & (m+r
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Proof. In the case r = 0 for any ¢ € [0,a] we have
m
P07m7a(t) = Z pk,m,a(t) =1
k=0

Looking for the global maximum on [0,a] we have Py, 4(0) = P, q(a) =0, r > 1. By Lemma 4 we have

m—r

(Pr,m,a (t))/ = Z p;<+r,m+r,a (t)
k=0

m-r"g

= - Z (pk-l-r.,m-i-r— l,a (t) — Pk+r—1,m+r—1,a (t))
4 =0

m+r

= - a (pm,errfl,a(t)_prfl,errfl,a(t))-

So we get that the equation P;,, ,(t) = 0, or the equation py, mir—14(t) = Pr—1mir—1,4(t), has its unique

rm,a

solution at t = a/2. O

Now we are in a position to get the variation detracting property for the derivatives of the Durrmeyer—
Schurer operator. In what follows we generalize the known result of Derriennic [5] (see the proof of
Proposition 4.1) for the Durrmeyer operators.

Theorem 3. Let f € AC"[0,p+ 1], r=0,1,...,n+ p— 1. Then the relation
(n+p)(n+p+1)!
2ttt p—r)l(n+p+r+1)!

& (ntp+r+l ]
x Z( l )v[o,pﬂ][f”] 2:21)

Viops[(Dup /)] <

I=r+1
holds.

Proof. From Proposition 1 we conclude

. +p)! n+p—r—1 .
I0upf) 7 < g s T 1A ) 02

Since by definition (2.5)

r+1 n+p+1
N Fenp(f) = Torl

ptl r+1
| 2™ brnpn 050,
from Lemma 4 we have

ArJrle,n,p(f) =

(=) N p+ 1) (n+p+ 1) [rH1 oy
(n+p+r+1)! / P1(<+r+)1,n+p+r+1,p+1(t)f(t)dt. (2.23)

By Leibniz formula for partial integration (see, e.g. [8], Chap. VIII, §1, p. 270, formula (5)) we get

p+1 (1) ([) ([)df o (f(t) (r) (t)—f/(t) (r=1) (l)
0 Piritntprretpri\D)J = Pltrttntptre1,ptl Phertntptrtd pti
- o) p+1
+ (=1 f ([)pk+r+]7n+p+r+l,p+1(t)>‘O

p+1
[ P Opt s pe 0t
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Since 0 < k <n+ p—r—1, on the right-hand side all the terms in parentheses are zeros, and we have

p+l (r+1) r+1 prl (r+1)
/0 Pir+1n+ptr+1,p+1 (t)f(t)dt = (1) /0 f () Pktretntprri1pr1(t)de. (2.24)
Now by (2.22), (2.23), and (2.24), using Lemma 5 we have Theorem 3 proved. 0

Remark. It is interesting to notice that by Theorem 3 we get the VDP with the constant in inequality (2.21)
less than 1.

Corollary 3. Let f € AC'[0,p+ 1], r =0,1,....n+ p — 1. Then the VDP for arbitrary derivatives of
Durrmeyer—Schurer operators holds, i.e.

(n+p)! (n+p+1)!

VowetlCun)) < G g T

)!V[O,p+l] £

In the case p = 0 we get the known result of Derriennic [5] (see the proof of Proposition 4.1) for the
Durrmeyer operators.

Corollary 4. Let f € AC'[0,1], r =0,1,...,n — 1. Then the VDP for arbitrary derivatives of Durrmeyer
operators holds, i.e.
n! (n+1)!

V[Ol}[(D"f)(r)] < (n—r)! (n+r+1)

!V[O,l] £

3. CONCLUSIONS

We investigated the boundedness inequalities for the higher order derivatives of some general Schurer-type
operators in a unified approach. In particular, we proved the boundedness inequality for the higher order
derivatives of the Bernstein—Schurer, Kantorovich—Schurer, and Durrmeyer—Schurer operators. Moreover,
we proved the variation detracting property for the arbitrary derivatives of the Bernstein, Kantorovich, and
Durrmeyer—Schurer operators. For the arbitrary derivatives of the Bernstein—Schurer and Kantorovich—
Schurer operators only the boundedness inequality with the constant M, on the right-hand side of the
inequality that exceeds 1, holds.

ACKNOWLEDGEMENTS

The authors wish to thank an anonymous referee for valuable comments, which improved very much the
presentation. The publication costs of this article were covered by the Estonian Academy of Sciences.

REFERENCES

1. Barbosu, D. Durrmeyer—Schurer type operators. Facta Univ. Ser. Math. Inform., 2004, 19, 65-72.

2. Bardaro, C., Butzer, P. L., Stens, R. L., and Vinti, G. Convergence in variation and rates of approximation for Bernstein-type
polynomials and singular convolution integrals. Analysis (Munich), 2003, 23(4), 299-340.

3. Butzer, P. L. and Nessel, R. J. Fourier Analysis and Approximation. Birkhduser Verlag, Basel, and Academic Press, New York,
1971.

4. Cibulea, L. Some properties of the Schurer type operators. Acta Univ. Apulensis Math. Inform., 2008, 15, 255-261.

5. Derriennic, M. M. Sur I’approximation de fonctions intégrables sur [0, 1] par des polynémes de Bernstein modifies. J. Approx.
Theory, 1981, 31, 325-343.

6. DeVore, R. A. and Lorentz, G. G. Constructive Approximation. Springer, Berlin, 1993.



A. Kivinukk and T. Metsmdigi: Boundedness inequalities in the variation of Schurer-type operators 9

10.
11.
12.
13.
14.

. Durrmeyer, J. L. Une formule d’inversion, de la transformée de Laplace: Applications a la théorie des moments, Thése de 3e

cycle. Faculté des Sciences de 1’Université de Paris, 1967.

Fichtenholz, G. M. Differential- und Integralrechnung. 1I. VEB Deutscher Verlag der Wissenschaften, Berlin, 1966.

Goodman, T. N. T. Variation diminishing properties of Bernstein polynomials on triangles. J. Approx. Theory, 1987, 50, 111—
126.

Lorentz, G. G. Zur Theorie der Polynome von S. Bernstein. Mat. Sb., 1937, 2, 543-556.

Schurer, F. Linear Positive Operators in Approximation Theory. Math. Inst. Techn. Univ. Delft: report, 1962.

Schurer, F. On the order of approximation with generalized Bernstein polynomials. Indag. Math., 1962, 24, 484-488.

Timan, A. F. Theory of Approximation of Functions of a Real Variable. Dover Publications, Inc., New York, 1994.

Zhuk, V. V. Lectures on the Theory of Approximation. Saint Petersburg, 2008 (in Russian).

Teatud Schureri tiilipi operaatorite variatsiooni jirgi tokestatuse vorratused

Andi Kivinukk ja Tarmo Metsmaigi

On uuritud teatud {ildiste Schureri tiiiipi operaatorite kdrgemat jérku tuletiste variatsiooni jirgi tokestatuse
vorratusi iihtse skeemi alusel. Sealhulgas on erijuhuna tdestatud Bernsteini, Kantorovichi ja Durrmeyeri-
Schureri operaatorite mis tahes jiarku tuletiste variatsiooni mittekasvatamise omadus. Bernsteini-Schureri ja
Kantorovichi-Schureri operaatorite mis tahes jarku tuletiste korral on tdestatud variatsiooni jargi tokestatuse
vorratus.



