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Abstract. In this paper we prove that the unitization A x K of a topological algebra A is
(vp)-galbed if and only if A is (v, )-galbed. We also find sufficient conditions under which a
unital strongly galbed algebra can be represented as a subalgebra of some section algebra.
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1. INTRODUCTION

Let C be the field of complex numbers, R the field of real numbers, K either
CorR,and N = {0,1,2,...}. From the definition of a topological vector space
E it follows that for each neighbourhood O of zero in E, a fixed n € N and fixed
numbers Ag, . .., A, € R there exists a neigbourhood U of zero in E such that

i MU C O.
k=0

By a ropological algebra we mean a topological vector space A over K, which is
also an associative algebra over K such that the multiplication in A is separately
continuous'. As usual, [° denotes the set of all sequences (a;, ) of elements of K, in
which there is only a finite number of elements which are different from zero. By
I* we denote the set of all sequences (cv,) of elements of K for which the series

S
D Lol
k=0

! It means that for every a € A and every neighbourhood O of zero in A there exists a
neighbourhood U of zero in A such that aU, Ua C O.




converges. Let [ := ['\I%. A topological algebra (or a topological vector space)
A is called a galbed algebra (a galbed space) if there exists a sequence (ay,) € [
such that for every neighbourhood O of zero in A there exists a neighbourhood U
of zero in A such that

n
{Zakak:ao,...,aneU} cO
k=0

foreach n € N. If we have already specified such («ay,) € [ which makes A a galbed
algebra (a galbed space), then we call A an («,)-galbed algebra (an (o,)-galbed
space). Moreover, if oy # 0 and

o= inf |ay [V >0,
n>0

then A is called a strongly galbed algebra (a strongly galbed space). A well-known
example of a strongly galbed algebra (space) is an exponentially galbed algebra (an
exponentially galbed space) A in which for every neighbourhood O of zero in A
there exists a neighbourhood U of zero in A such that

{Z;::ao,...,aneU}CO

k=0

for eachn € N.

The terms “galbed space”, “exponentially galbed space”, and “exponentially
galbed algebra” were introduced by Turpin (see ['~°]). The terms “galbed algebra”
and “strongly galbed algebra” were introduced by Mati Abel and Mart Abel
(see [67'2]). The present paper is based on Veiko Lehto’s bachelor’s thesis [13].
The need for writing this paper arises from the fact that ['3] was written in Estonian,
but the results in ['3] might be also of interest as well as useful for readers, whose
Estonian is not good enough to follow the proofs. In the present paper several
results of Mart Abel and Mati Abel, known for exponentially galbed algebras, are
generalized for the class of galbed algebras (in part 1) or for the class of strongly
galbed algebras (in part 2).

2. GALBED ALGEBRAS AND THEIR UNITIZATION
2.1. Strongly galbed algebras with bounded elements

For every algebra A let Z(A) denote the centre of A. An element a € A is
bounded (see [*]) in A if there exists a number A € C\{0} such that the set

() er)

is bounded in A.



Proposition 1. Let (av,) € L and I be a two-sided ideal in a topological algebra A.
If Ais an (a,)-galbed algebra with bounded elements, then both A/I and Z(A/I)
are (o, )-galbed algebras with bounded elements.

Proof. Let (a,) € I and I be a two-sided ideal in a topological algebra (A, 7). Let
A be an («,)-galbed algebra with bounded elements, 7 : A — A/ the canonical
homomorphism, and O’ a neighbourhood of zero in (A/I, 1), where 7; stands for
the quotient topology defined by the topology 7 of A. Since the quotient map 7 is
continuous, O = 7~ (0') is a neighbourhood of zero in (A, 7).

Since A is (ay,)-galbed, there exists a neighbourhood U of zero in A such that

n
{Zakak:ao,...,aneU} cO
k=0

for each n € N. Take V' = n(U), n € N and arbitrary elements z, ..., z, € V'.
Then there exist elements ag,...,a, € U such that z; = w(a;) for every
i € {0,...,n}. Notice that

n n n
Zakxk = Zakﬂ(ak) =7 Zakak )
k=0 k=0 k=0

It is clear that

w({Zakak DaQ, ..., Ay € U}) c 7(0) =7n(x"H0")) =0
k=0

for every n € N. Hence,

{Zakxk:xo,...,xn € V’} :W<{Zakak 1ag,...,ay € U}) cO
k=0 k=0

for every n € N. Hence, A/I is an (o, )-galbed algebra.

Let O” be any neighbourhood of zero in (Z(A/I),7z), where 77 =
{T"'NZ(A/I):T" € 71} is the subspace topology on Z(A/I), generated by 7.
Then there exists a neighbourhood O’ of zero in A/I such that 0" = O'NZ(A/I).
Since A/I is (av,)-galbed, there exists a neigbourhood V' of zero in A/I such that

n
{Zak$k STQy ..., T € V’} cO
k=0

for every n € N. Fix an arbitrary n € N. Take V"’ = V' N Z(A/I) and arbitrary
elements yg, ..., y, € V”. Then



> ayr € Z(A/T)

k=0
and

n n
{Zakyk SYOs ey Yn € V”} C {Zak:vk S X0y .., Tp € V’} cO.
k=0 k=0

Since n € N was arbitrary, we get

{Zakyk T T < V”} cO'NnZA/I)=0"
k=0

for every n € N. Hence, Z(A/I) is an (v, )-galbed algebra.
Analogously to the second part of the proof of Theorem 2.1 in [®], we get that
all elements in A/I and in Z(A/I) are bounded.

Proposition 2. Let A be a topological algebra and («v,,) € 1. The unitization A x K
of A in the product topology is an (ov,)-galbed algebra if and only if A is an
(cn)-galbed algebra.

Proof. Let (a,) € 1, A be a topological algebra and O a neighbourhood of zero in
A x K. Then there exist neighbourhoods of zero U; in A and V; in K such that
Uy x Vi C O. If A is (av,)-galbed, then there exist a neighbourhood U, of zero in
A and a number € > 0 such that

n
{Zakak:ao,...,aneUg} cl;
k=0

foreveryn € Nand Vo = {\ € K:|\|< €} C Vi. Since () € [, we have

n o
0<> Jarl< Y lak|< oo
k=0 k=0

for every n € N. Let

- 1
g:= Z |ag| and V3 := BVQ.
k=0

Now, Us x V3 is a neighbourhood of zero in A x K. Fix an arbitrary n € N and
elements (g, o), - - -, (Qn, Ap) € Uz x V3. We have

n
zgztlkak el
k=0



and
n n

€
< |apAk |<  max |)\i\2|ak|< —B=e.
=0 1€{0,...,n P ﬁ

Zak(ak,)\k) = (Z akak,Zak)\k> cU; x Vo CO.

Since n € N was arbitrary,

{Zak(ak,)\k) : (ao,)\o),...,(an,/\n) e Uy x Vg} c O
k=0

for every n € N, which means that A x K is an («, )-galbed algebra.

Conversely, let A x K be an («,)-galbed algebra for some («,) € I. Let O
be a neighbourhood of zero in A. Take any neighbourhood V' of zero in K. Then
O x V is a neighbourhood of zero in A x K. Hence, there exists a neighbourhood
W of zero in A x K such that

{Zak(ak,)\k) (a0, A0)s -+ (any An) € W} COxXV
k=0

for every n € N. Now, there exist a neighbourhood U of zero in A and
a neighbourhood V; of zero in K such that U x V; C W. Fix n €N and
(ag,No)y- -+ (an, An) € U x V1. Then

(Z aRa, Zak)\k> = Zak(ak, /\k) e0OxV.
k=0 k=0

k=0

Hence,
n
{Zakak:ao,...,aneU} cO
k=0

for every n € N, which means that A is an («,, )-galbed algebra.

Proposition 3. Let A be a topological algebra and (o) € | a sequence such that
ap # 0 for each k € N. The unitization A x K of A in the product topology is
an (au,)-galbed algebra with bounded elements if and only if A is an («,)-galbed
algebra with bounded elements.

Proof. Let (o) € [ be a sequence such that a, # 0 for every k € N.

Let A be an (v, )-galbed algebra with bounded elements. By Proposition 2,
A xKis also an («v,)-galbed algebra. Let (ag, Ag) be an arbitrary element of A x K
and W an arbitrary neighbourhood of zero in A x K. Then there exist a number
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puw > 0, a balanced neighbourhood O of zero in A x K, a neighbourhood U of
zero in A, and a balanced neighbourhood V' of zero in K such that? eg g C uw O
andU xV C O C W. As Ais (ay,)-galbed, there exists a balanced neighbourhood
U1 of zero in A such that

n
{Zakck:co,...,cn € Ul} cU
k=0

for every n € N. Since all elements of A are bounded in A, there exist numbers
Aay € C\{0}, p1 > 1, and v > 0 such that

{(ﬂ) in € N} CuUp and {A:]A|<~H}CV.
Mg
Fix arbitrary m € N\{0} and put

B = mln{ke{r{unm}{\ak\},’y},

2
g 2
VB

Letk € {1,...,m} C N. Since U] is a balanced neighbourhood,

m—k m/@ a0 k m—k
L) () ()" = B Ay 0y 0

p2 == max{|Aqy [, [ Ao[} and  po:=

and

<1

— 9

9 Y

k m—k
e |G) G

LG emn

foreach k € {1,...,m}. Therefore,

S (D) G ) - (1)) ) e

k=1

we get

Notice that

G- 16 - |

2 Here eaxx = (04, 1) is the unit element of A x K.




Since V is balanced, we also have

(f;i)m eV = ,ul(:lV) C V.
Therefore,
m m m—k m
(52 = E G G e

Since m € N\{0} was arbitrary, we get

<(a07)\0)> € 10
Ho

for every m € N\{0}. Remember that

0
ag, A
<(00)> — enrk C O,
Ho

Take p := max{u1, pw }. Since O is balanced,

((%Jo)) € 40
Ho

for every n € N, which means that all elements of A x K are bounded.

Conversely, suppose that A x K is an («,,)-galbed algebra with bounded
elements. By Proposition 2, A is also an («,, )-galbed algebra.

Let ag be an arbitrary element of A and U an arbitrary neighbourhood of zero
in A. Fix any neighbourhood V;) in K. Then U x Vj is a neighbourhood of zero in
A x Kand (ag,0) € A x K. Since all elements of A x K are bounded, there exist
numbers A € C\{0} and p := pyy;, > 0 such that

{((G;’)n,o) :neN}:{(W)n:neN}cu(UxVo)=uU><u%-

Hence,
{(%)n :nEN} C uU,

which means that ag is bounded in A.

Corollary 1. Let A be a topological algebra. The unitization A x K of A in the
product topology is a strongly galbed algebra with bounded elements if and only if
A is a strongly galbed algebra with bounded elements.



Proof. Let A be a strongly galbed algebra with bounded elements. Then there exists
a sequence (av,) € [ with ag # 0 and

a = inf [on [V >0
n>0

such that A is («,)-galbed. Notice that a, # 0 for every k € N. Hence, A x K is
an (o, )-galbed algebra with bounded elements, by Proposition 3. Therefore, A x K
is also a strongly galbed algebra with bounded elements.

Conversely, let A x K be a strongly galbed algebra with bounded elements.
Then there exists a similar sequence (o) € [ as above. Notice that oy, # 0
for every k € N. Hence, A is an («,)-galbed algebra with bounded elements,
by Proposition 3. Therefore, A is also a strongly galbed algebra with bounded
elements.

2.2. Galbed algebras with bounded elements

Let (cv,) € I. Then there are infinitely many elements different from zero in
(). Let P, be the number of nonzero elements among ay, ..., a,. We will
construct a sequence (i,,) of indexes as follows:

ip := min{k : oy, # 0},

i1 :=min{k : k > ip, a # 0},
ig :=min{k : k > i1, ap # 0},

ij = min{k k> z'j_l,oak #* 0}

for every j € N\{0}. Now we construct the sequence (3,,) by () := «;, for every
k € N. Then the sequence ([3,,) consists of all nonzero elements of () and for
every m € N,

Pp—1

m
> akar =Y Brb,
k=0 k=0

where by, = a;, for every k € N.

Definition 1. We call the sequence ((3,,) € [, constructed from (o) € 1 as above,
the underlying sequence of (v, ).

Proposition 4. Let A be a topological algebra, (ov,) € 1, and ([3,,) be the under-
lying sequence of (a,). Then A is an (ou,)-galbed algebra if and only if A is a
(Bn)-galbed algebra.
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Proof. Let A be an («,)-galbed algebra and O a neighbourhood of zero in A. Then
there exists a neighbourhood U of zero in A such that

n
{Zakak:ao,...,anGU} cO
k=0

for every n € N. Let (3,) be the underlying sequence of (a,). Define P_; := 0
and amap f : N — N as follows: for every k € N find m = m(k) € N such that
Pmn =k +1and Py—1 = k. Take f(k) := m and by := ay(y) for every k € N.

Then
Z Brbr, = Z Qg ay
k=0 k=0
for every n € N. Fix an arbitrary [ € N and consider the sets

f0)
Hy = {Z Qg : A0y - -, ap() € U}

k=0
and

!
Hy = {Zﬁkbk:bo,...,bl EU}.

k=0
For every element of Ho we have

l @
Zﬁkbk = Zakak € .
k=0 k=0

Hence, Ho C H;. Asl € N was arbitrary, we have

{Zﬁkbk:bo,...,bneU} CH CO
k=0

for every n € N. Hence, A is a (3, )-galbed algebra.

Conversely, let A be a ((3,)-galbed algebra, where (f3,) is the underlying
sequence of (a;,). Moreover, let O be any neighbourhood of zero in A. Then
there exists a neighbourhood U of zero in A such that

{Zﬁkbkibo,---,bnEU} cO
k=0

for each n € N. Fix an arbitrary m € N and consider the sets

Gq:= {Zakak 1ag, ...,y € U},

k=0

11



Ppn—1
Gy := { Z Bibi : bo,...,bpm_l S U}
k=0

with 3, = o, as above. Take a; := by, for j = 4;, and a; := 04 otherwise. Since
for every element of G; we have

Pp—1

Zakak = Z Brbr € Ga,
k=0 k=0

G1 C Go. As m € Nis arbitrary, we have

{Zakak:ao,...,anEU}CGgCO
k=0

for each n € N, which means that A is an (v, )-galbed algebra.
Next, we give two simple corollaries.

Corollary 2. Let A be a topological algebra, (cv,) € 1, and (3,,) be the underlying
sequence of (o). Then A x K is an (ov,)-galbed algebra if and only if A x Kis a
(Bn)-galbed algebra.

Proof. The result follows immediately if we put A x K instead of A in Proposition 4.

Corollary 3. Let A be a topological algebra, (cv,) € 1, and (B3,,) be the underlying
sequence of (o). Then A is a (3,)-galbed algebra with bounded elements if and
only if A x Kis a (3,)-galbed algebra with bounded elements.

Proof. Since [ # 0 for every k € N, the desired result follows directly if we
substitute (3,,) for («;,) in Proposition 3.

Now we are ready for our first main result.

Theorem 1. Let A be a topological algebra and (cv,) € 1. Then A is an (ou,)-
galbed algebra with bounded elements if and only if A x K is an (a,)-galbed
algebra with bounded elements.

Proof. Let A be a topological algebra, (ay,) € [, and (3,) be the underlying
sequence of (a;,). By Proposition 4, A is an («,)-galbed algebra (with bounded
elements) if and only if A is a ((3,,)-galbed algebra (with bounded elements). By
Corollary 3, A is a (/3,)-galbed algebra with bounded elements if and only if A x K
is a (f3,)-galbed algebra with bounded elements. By Corollary 2, A x K is a
(Bn)-galbed algebra (with bounded elements) if and only if A x K is an («a,)-
galbed algebra (with bounded elements). Hence, A is an (v, )-galbed algebra with
bounded elements if and only if A x K is an (a,)-galbed algebra with bounded
elements.

12



3. SECTIONAL REPRESENTATION OF UNITAL STRONGLY
GALBED ALGEBRAS

In this section we generalize part c) of Theorem 3.13 in [®] from exponentially
galbed algebras to strongly galbed algebras. For this purpose we need to generalize
some other results. Throughout this section, we consider only topological algebras
over C (i.e., K = C in the definition of a topological algebra). Remember that in
unital algebras every ideal is regular.

A topological algebra A is o-complete if every Cauchy net of elements of A
converges in A. A topological algebra A is topologically primitive if there exists a
closed maximal regular left (or right) ideal M of A such that {a € A:aA C M}
={0a} {a€ A: Aa C M} = {64}, respectively). Let M be a maximal regular
left (or right) ideal of A. Then the two-sided ideal P = {a € A : aA € M}
(P ={a€ A:Aa € M}, respectively) is a primitive ideal of A, defined by M.

Proposition 5. Let A be a unital o-complete topologically primitive strongly
galbed Hausdorff algebra (over C) with bounded elements and P a primitive
ideal, defined by a closed maximal left (or right) ideal of A. Then Z(A/P) is
topologically isomorphic to C.

Proof. Since P is a primitive ideal defined by a closed maximal left (or right) ideal
of A, P is closed. Now, A/P is topologically primitive by ['°], Proposition 9,
and Hausdorff by ['¢], Proposition 5. As in the proof of Theorem 2 in ['9], it is
easy to show that A/P is o-complete. As A/P is strongly galbed algebra with
bounded elements by Proposition 1, Z(A/P) is topologically isomorphic to C by
Theorem 3.1 of [7].

The set of all regular two-sided ideals of a topological algebra A, which are
maximal as left or right ideals, is denoted by m(A). Let now A be a unital
topological algebra and B a closed subalgebra of Z(A), containing the unital
element e 4 of A. Anideal M € m(B) is an extendible ideal of B if

n
I(M) ::CIA{Zakmk:nGN,al,...,anEA,ml,...,mnEM} %+ A.
k=1

The set of all extendible ideals of B is denoted by m.(B). For general definitions
see [%], pp. 18-19, or ['3], pp. 4-5.

Proposition 6. Let A be a unital o-complete topologically primitive strongly galbed
Hausdorff algebra with bounded elements, M a closed maximal left (right or two-
sided) ideal of A, and B a closed subalgebra of Z(A), containing the unital element
ea of A. Then

1) every b € B defines a number \ € C such that b — he, € M;

2) M N B € me(B).

13



Proof. The proof is similar to the proof of Proposition 3.1 in [®], because we need
only the fact that A/P is topologically isomorphic to C for a primitive ideal P
defined by M. For detailed proof see the proof of Proposition 2.8 in ['3].

For every M € m.(B) anda € Alet Ay := A/I(M), let kpy : A — Aps be
the canonical homomorphism and a”: m.(B) — Ajs a map, defined by a” (M) :=
kayr(a). Let I be a closed maximal left (right or two-sided) ideal of A and J be a
closed maximal left (right or two-sided) ideal of Ay;. Then kps (1) = {a” (M) :
a€lyandky/(J)={a€ A:a (M) e J}.

Proposition 7. Let A be a unital o-complete topologically primitive strongly
galbed Hausdorff algebra with bounded elements, I a closed maximal left (right
or two-sided) ideal of A, and B a closed subalgebra of Z(A), containing the unital
element ey of A. Then there exists M € m¢(B) and a closed maximal left (right
or two-sided, respectively) ideal J of Ay such that [ = /-@Ml(J ).

Proof. Let I be a closed maximal left (right or two-sided) ideal of A. By
Proposition 6, part 2), M := I N B € m¢(B). Let J := kp(I). Then J is
a closed left (right or two-sided) ideal of A, and n;j(J ) is a closed maximal
left (right or two-sided, respectively) ideal of A by Lemma 3.5 of [®], pp. 52-54.
Moreover, I C r,; (J). Since I is maximal left (right or two-sided, respectively)
ideal of A, I = iy} (J).

The complex (or the triple) (B, 7, X), where B and X are topological spaces
and m : B — X is a continuous open surjection, is called a fibre bundle. A map
f: X — Bissaid to be a section of the fibre bundle (B, w, X ) or shortly, a section
of mif w[f(x)] = x forall x € X. The set of all continuous sections of 7 is denoted
by I'(). If all the fibres B, := {b € B : w(b) = z} of the fibre bundle (B, 7, X)
are topological algebras, it is possible to define algebraic operations and topology
on I'(7) so that I'(7) becomes a topological algebra (see [°], p. 22, or ['?], p. 8).
This topological algebra is called a section algebra.

Let A and B be topological algebras. Every continuous homomorphism
f + A — B is a representation of A in B. If A is the section algebra I'(7) for
some fibre bundle (B, 7, X), then f is a sectional representation of A.

For every representation f : A — B we can consider B as a left (or right)
A-module if we define the module multiplication -y in B by a -y b := f(a)b
(b-fa := f(a)b, respectively) for eacha € Aand b € B. If B and {fp} are
the only A-submodules of B, we call f an irreducible representation.

A topological algebra A over C is a Gelfand—-Mazur algebra if the quotient
algebra A/M is topologically isomorphic to C for every M € m(A). The
intersection of the kernels of all irreducible representations of a topological algebra
A is called the ropological radical of A and is denoted by rad A. It is known that if
A is a Gelfand—Mazur algebra, then rad A is the intersection of all closed maximal
regular left (or right) ideals of A. Moreover, every strongly galbed algebra with
bounded elements is a Gelfand—Mazur algebra by Theorem 4.2 of [12].
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Proposition 8. Let A be a unital o-complete topologically primitive strongly
galbed Hausdorff algebra with bounded elements, I a closed maximal left (right
or two-sided) ideal of A, and B a closed subalgebra of Z(A), containing the unital
element e of A. Then

radA = ((\{r}/ (radApr) : M € me(B)}.

Proof. The proof is similar to the proof of Proposition 3.7 in [].

Let A be a unital strongly galbed algebra (over C) with bounded elements and
B a subalgebra of Z(A), for which m.(B) # ). As in Proposition 1, we can show
that B is a strongly galbed algebra with bounded elements, thus a Gelfand—Mazur
algebra. Hence, for every M € me(B) there exists a nontrivial homomorphism
¢r : B — C such that kergyy = M. Let

A= | A
Meme(B)

Then, for every a € A, the map a”, defined above, is a map from m.(B) into A.
Let 7 : A — m¢(B) be a map which assigns to every d € A the ideal M € m.(B)
for which d € Ay In [®], pp. 60-61, it is shown that such 7 is a well-defined open
and continuous map and that Ay, N A,,, # 0 if and only if My = M.

On m.(B) we consider the Gelfand topology 7; a subbase of neighbourhoods
of My € m.(B) consists of sets

O(M(),E, b) = {M S me(B) ‘((25]\/[ — ¢MO|< 6},

where € > 0 and b € B vary. On A); we consider the quotient topology 7s and
on A the topology 7a := {m~}(U) : U € 7}. Then Ay is a topological algebra,
(A, m,me(B)) is a fibre bundle, and a” € I'(7) for every a € A.

Let Y : A — I'(m) be a map, defined by Y(a) := a " forevery a € A. It
is known (see [®], pp. 60-61) that T is a continuous map and hence, a sectional
representation of A.

Proposition 9. Let A be a unital o-complete topologically primitive topologically
semisimple strongly galbed Hausdorff algebra with bounded elements. Then the
map Y is one-to-one.

Proof. Using Proposition 8, the proof becomes similar to the proof of Proposi-
tion 3.12 in [°].

Finally, we give our second main result of this paper.

Theorem 2. Let A be a unital o-complete topologically primitive topologically
semisimple strongly galbed Hausdorff algebra (over C) with bounded elements.
Then A can be considered as a subalgebra of the section algebra I' ().

Proof. Since T is a one-to-one sectional representation by Proposition 9, A can be
considered as a subalgebra of I'(7).
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Galbalgebrad ja nende loikeesitus
Mart Abel ja Veiko Lehto

On niidatud, et topoloogiline algebra A on (ay,)-gélb algebra siis ja ainult

siis, kui algebrale A iihiku juurdetoomisel tekkinud algebra on («,)-gilb algebra.
Teise pohitulemusena on leitud piisavad tingimused selleks, et ithikuga tugevalt
gilb algebra oleks vaadeldav teatava 16ikekujutuste algebra alamalgebrana. Artikli
aluseks on t66 [13].
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